IlpeaunciioBue

Ber mep:kute B pykax mepepabOTAHHBIN KOHCIIEKT JIEKIIWH OXHON U3 Je-
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JApCTBEHHOTO YHUBEPCHTETa B paMkax Kypca «OCHOBBI GyHKIIMOHATIBLHOTO
aHAJIN33» B MEPBOIl MTOJOBHHE TPeThero cemecrpa. Teme «IIpeobpa3oBamie
Oypbey OTBOAUTCS MPUOJIU3UTETBHO 9E€ThIPE JIEKIUK U TPU cemuuapa. Ilo-
cobue COMEep:KUT Ty YacTh OOIMUpPHON Teopuu npeobpazosanus Pypee, KO-
TOPYIO MOXKHO PeaibHO W3JI0KUTh U YCBOUTH 3& OTBEAEHHBIN yIeOHBIM I1J1a-
HOM MPOMEXKYTOK BPEMEHHU U KOTOPask PeaTbHO HEOOXOIUMA CTYIEHTAM T
yCBOeHHsT (PU3NUECKUX KYPCOB, YATAEMBIX B TIOCIIEIYIOIIEM.
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§ 1. Unterpan ®ypbe Kak npejeabHag dopMa paga Pypbe

IMycrs f : R — R — uenpepsisuo auddepennmpyemas dhyukius. Ha
OCHOBAHWM TEOPEMBI O MPEICTABUMOCTH (DYHKIMHA B TOYKE CBOUM PSIIOM
Dypbe moxkeM g a0boro [ > 0 paznoxurh f B psag @ypbe B IPOMEKYTKE

[—1,1]:
a0 | ™ . TN
flx) = 5 —l—r;(ancosl —i—bnsm—l ), (1)

rie

by, :f/f(t)siant, n=12,....

Paznoxkenue (1) obsiagaer nqocannoil acuMMerpueii: ero jesad U npaBas
YaCcTH ONPEJIEJIEHBI HA BCell YNCI0BON NMPAMOM, HO PABEHCTBO MMEET MECTO
TOJILKO B TIPOMEKYTKe [—I,[]. YeTpanum 3TOT HEmIO0CTATOK, epeiias K mpe-
ey mpu | — 400. IIpr 3TOM OrpaHTYIMCH HABOJAIAMA COOODAYKEHUSIMH,
OCTaBHB CTPOTHE PACCYXKIEHHS HA TOTOM.

ITpeobpasyem (1), mogcraBus BMECTO @y, U by, ux Bbipazkenus (2):

l

f(x):%/f [ +Z<cosco ﬂ-?x—i—snﬂlmtsmﬂ-;w)]dt:
:;/f { +Zcos— )}dt— (3)

!
:;l/f()dt—i—f 7lr/f Zcosynt—x)]Ayndt

0 n=1

/e UCIOJIb30BaHbl 0603HaYeH s Ypn = TN/l U AYy = Ynt1 — Yn = 7/1.

Bynem mpemnmonarars, uro ¢yHKIus f He TOIBKO HeNpepbiBHO aude-
PEHIUpyeMa, HO U «JOCTATOYHO OBICTPO yObIBaeT HA GeckoHeuHOCTH». T0OU-
Hee, OyIeM MPeAnoaraTb, YT0 HHTErpal

+oo
/ ()] dt

CXOIUTCSI.



Torua unrerpas, BXoaduil B iepBoe cjaraemMoe B Bbipazkenuu (3), crpe-
MUTCSI K KOHEYHOMY TIpefiesty mpu | — 400, a caMo mepBoe cjaraeMoe crpe-
MUTCS K HYJTIO.

ITockonbky Ay, — 0 upu | — 400, TO BEIparKeHue

Z cos(yn (t — )] Ay,

n=1
MOYKHO MHTEPIPETHPOBATH KAaK CyMMy PuMana mHTErpana
—+oo
/ cosy(t — x)dy.
0
(Hazo TONbKO MMeTh B BUJLY, UTO 3TO OYeHb HECTPOTOe COOOpAYKEHHE; HECTPO-
roe XoTst Gbl IOTOMY, 9TO HANMCAHHBIN HWHTEIPAT 3ABEIOMO DACXOIUTCA. )

B pesynbraTre MBI MOXKEM HAAEATHCS, 9TO, TIEPEXOAA K IIPEAeIy Iph | —
+00 B BbIpazkenuu (3), Mbl IOy UM

+o0 +o0
fa) =2 [ 10| [ cosute )] .

MeHsist MOPAIOK MHTETPUPOBAHUS U pazjaras KOCHHYC Pa3HOCTH MO U3BECT-
HOI TPUTOHOMETPUIECKOH hOpMyJIe, MOy IUM

+oo_ +oo too
1
f(z) = . [ f(t)cosytdt-cosyx+ [ f(t)sinytdt-sin yx} dy,
/U J
I .
£@) = [ falw) cos g + bly) sin ] dy, (4)
rie ’
+oo
aty) = [ H@)costya, (5)
+oo
b(y) = % / f(t)sinty dt. (6)

OrMerum, 4To 1pH HamuX npenoaoxenuax 06 f unrerpasst B (5) u (6)
CXOIATCS, a UHTETPAT B (4), BO BCAKOM CIIydae, HE SIBJIAETCS MHTEIPAJIOM,
5



PacXoIuMOCTb KOTOPOro Opocasack Obl B ryiasda. Ilpu 3ToM MbI MOXKeM Ha-
JneaTbed, 9ro dopmyna (4) Oyler cupaBeiuBa Ha BCel YMCIOBOH MPAMOi
u OyzeT urparhb poJib pazjokenus ¢GpyHKIuu B psia Oyphbe.

ITpaBas yacrb dbopmynbr (4) nasbiBaerca unmezpasom Pypve, a cama
dopmyaa (4) — unmezpasoroli gopmyrott Pypve. Oyukuusa a : R — R
oupegenéunas dbopmysnoit (5), HazbBaercs kocunyc-npeobpazosanuem Dy-
pve bynxmuu f. Oyuxiusa b : R — R, onpenenéunaa dopmyoit (6), Has3bl-
Baercs cunyc-npeobpasosarnuem Pypve Gyuximu f.

O6parure Baumanue, uro Ghopmynbl (4)—(6) yAuBATENLHO HAIIOMUHAIOT
y?Ke TIPUBBIYHBIE BaM (POPMYJIBI PABTIOKEHUSA 2T-MIEPUOTUIECKON (DYHKITNA
B pax @ypoe:

ap > .
flx) = > + ;(an cos nz + by, sinnx), (7)
1 ™
an:f/f(t)cosntdt, n=20,1,2,..., (8)
T
1 7 .
bn:f/f(t)smm‘dt, n=12.... (9)
T

B camom nene, B dopmymnax (5)—(6) u (8)—(9) ygacrByer OJMHAKOBBIH KO-
sbdunment 1/7, a uHTErpHpoBaHWEe BEAETCS TIO BCEMY MPOMEXKYTKY, Ha
KOTOpoM omnpefeneHa f. BoT TOIBKO AUCKPETHBIH MapaMeTp N 3aMeHEH Ha,
HempepbIBHBIA Y. AHasorndno, dopmysa (4) odens wHamomuHaer (7): HaIoO
JIUIIb 3aMEHUTh JAUCKPETHDIH MapaMeTp 7 Ha HEeNPEPHIBHBIA § U B CBA3M
C 9THM 3aMEHHTh CyMMYy HA MHTerpaji (B HEKOTOPOM CMBICJIE C TEMH K€
TIPeIENaMH).

§ 2. Teopema o npenactaBuMocTu (DYHKIINHU B TOUKE CBOUM
uHTerpajsiom Pypne

Hame 060cHOBaHEE HECTPOTHX PACCYZKICHUH, TPUBCISHHELIX B TIPEIBIITY-
mem maparpadge, OyIeT OnupaThCs Ha, CIEMYIONEe YTBEPKICHNE.
JIemma (Pumana — JleGera mmsa 6ecKOHEYHOTO MPOMEKYTKA). Beau a €
R u f: (a,4+00) = R abeorromno unmezpupyema wa (a,+00), m. e. ecau
[ f (@) de < 400, mo
+o0

—+o0
lim / f(z)cosprdr = lim / f(z)sinpzdr = 0.
p——+00 p——+oo



Mbi ipuMeM 310 yTBepKAeHue De3 JT0Ka3aTeNbCTBA, IOCKOJIBKY OHO JIMIIb
TEeXHUICCKUMH JIETAJSMH OTJINYACTCsI oT JemMMbl Pumana — Jlebera, pac-
cMOTpeHHoM B pazfene «Psaapt Oypoes.

Oyukuyio [ : R — R 6yneMm Ha3bBaTh KYcouno-24a0%K01, €CIM OHA, sIB-
JISIeTCsT KyCOYHO-TTIAZKOM B CMbICTIe Teopul panoB @ypbe Ha J000M KOHEY-
HOM TIPOMEXYTKe [a,b], T. €. ecm B [a,b] HAAETCA KOHETHOE IMCIAO TOUEK
a=1xy <z <+ < Ty = Db TAKUX, UTO B KAIKIOM OTKPHLITOM UHTEPBAJIE
(xj,2j41) dbyukuua f HenpepoiBHO AudpdepeHIUpyeMa, & B KaXKIOH TOUKe
xj y f CyLIeCTBYIOT KOHEYHBIE IIPEJe/Ibl CIEBA U CLPABA

z;—0)= lim f(z;,—h z;+0)= lim f(z;+h
flay—0) = Jim fla; =), (e +0)= T (o +h),
a TaK¥Ke CYIIECTBYIOT U KOHEYHBI CJIEAYIONINE MPEJIEIIbI, TOXOXKUE HA JIEBYIO

" IpaBYIO MTPOU3BOIHLIC

f(x; —h)— f(z; —0) lim f(xy+h)— f(z;+0)
B0+ _h ’ h—0+ h ’

Teopema (0 npeacraBuMocTH (GYHKIMU B TOYKE CBOUM MHTErpasoM Dy-
poe). Hyemv [ : R — R — wycouno-zaadkas abcomommno unmeepupyemas
dpynxyus. Toeda das awboeo © € R cnpasedauso pasencmeo

—+oo

/ [a(y) cosyx + b(y) sinyx] dy =
0

[f(z+0) + f(z—-0)],

N

2de

+oo
aty) =+ [ @)costya,

+oo
bly) = % / f(t)sinty dt.

Jpyrumu caoBamu, 3Ta TeopeMa 03HadaeT, 9To uarerpai Pypbe KycodHo-
TJIaJKOH abCOTIOTHO MHTErPUPYeMOoil (pyHKIIMM paBeH TIOJIyCyMMe eé Tpeie-
JIOB CJIeBa W CIIpaBa. B 4acTHOCTH, B TOYKE HEMPEPHIBHOCTH (DYHKIIUU OH B
TOYHOCTHU PABEH 3HAYEHWIO (DYHKITHHN.

HokazaTeabcTBo. [lomoxum

A
fa(z) = [ laly) cosyx + b(y) sin yz] dy
/

n yoemnmcst, 910 fa(x) — [f(z +0) + f(z — 0)]/2 mpu A — +o0.
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Jna Hauasa npeobpasyem A, nogcrasus sMecto a(y) u b(y) ux BeIparke-
HUS 9ePE3 WHTETPANBI U BOCTIONL30BABIIACH TPUTOHOMETPHICCKON (hOpMY-
JIOA /1 KOCHHYCA PA3HOCTH:

A +oo
falz) = %/ dy{ f(®)[costy - cosyx + sinty - sin yx] dt} =
0 oo
A +oo
= l/ dy{ / ft)cosy(t — x) dt}.
3 oo
W3MEeHUB TTOPAI0K HHTETPUPOBAHUS B TIOCICTHEM BBIPAYKCHUH, MOy THM
+o0 A
fate) =1 [ |50 [eossta o)) a. (10)
s 0

Jlsi 0bOCHOBAHYS 3aKOHHOCTHM U3MEHEHUsS MOPSIIKA UHTErPUPOBAHUSA B
JAHHOM CJIydae eCTeCTBEHHO HCMOJb30BarTh Teopemy DyGuuu: ecau dymm-
YUS UHMEZPUPYEMA N0 COBOKYNHOCTNY NEPEMEHHBIT, O 6Ce e€ NOSMOPHbLE
UHMEZPANADL CYWLCNBYIOM U HE MOABKO PABHbL MedHcdYy cob0l, HO pPashvl
u e€ Kpammuomy unmeezpanry. B HaieMm ciydae o6OCHOBATH 3aKOHHOCTH W3-
MEHEHUsI TOPSIIKA, WHTErPUPOBAHUS KaK Pa3 U 3HAUUT JOKA3aTh PABEHCTBO
MOBTOPHBIX HHTErPaaoB. Takum 06pazoM, BCE IEI0 YIUPAETCA B HHTETPUPY-
eMocTh byHKINM AByX nepemennbix (t,y) — f(t) cosy(t — ) mo MHOKECTBY
R x [0, A]. TTockosbKy Besikast aBCOIOTHO MHTErpupyeMast (QyHKIUsT HHTE-
rpUpyeMa, TO HaM JOCTATOYHO JOKA3aTh, YTO MOIY/Ih 3T0H (hyHKIMM WHTE-
rpupyem. OIHAKO MOIY/Ib — BEJIMYNHA HEOTPUIIATEbHAS, & U3 KypPCca MaTe-
MaTHYeCKOI'0 aHAJIN3a U3BECTHO, UTO €CAU OAfA HEOMPUUyamessnolt gynKyuy
HECKOALKUL NEPEMEHNBLT CTOOUMCA TOMB 00UH NOSMOPHBLT UNME2Pas, Mo
IMA PYHKYUS UHMEPUPYEMA O COBOKYNHOCTIY GCET NEPEMEHNBLE. SHAUNUT,
JIJIST HAIUX TeJell TOCTaTOYHO YCTAHOBUThH CXOJUMOCTEH TIOBTOPHOTO WHTE-
rpaja

“+o0

/| /A 0)cosu )] ] .

—oo 0

CXOOUMOCTDb KOTOPOTr'O BBITECKACT U3 CJHACAYIONINX OYCBUIHBIX BBIKJIAI0K:
+oo_ A

[ o eosyie—opa) <

—oo 0
8



+oo A +oo
Sé |f<t>|[0/ dy} dtSAé (0] dt < +oo,

TJe TOCJeqHee HEPABEHCTBO HAIMKMCAHO B CUJIY YCJIOBUS TEOPEMBI, COTJIAC-
HO KOTOpOMY [ abCOIIOTHO MHTErpupyeMma. TeM caMbIM MbI 3aBEPIIMIN O0-
OCHOBAHUE 3aKOHHOCTH W3MEHEHWs TOPSAIKa WHTErPUPOBAHUA W TOKA3AIH
pasencrso (10).

ITpeoGpasyem ¢popmyay (10):

+oo A
fate) =+ | [f(t) / cosy(tx)dy} dt =
—00 0
+oo . y=A
et
e y=
blnA SlIlAu
/f e /f du.

IlocneHee paBeHCTBO MOIYYEHO C TTOMOIITLIO JIHHEITHOM 3aMeHbl TepeMeHHON
t — x = u. [lomp3ysich aAAUTUBHOCTHIO, PA300bEM MOCTEIHNI UHTETPAJ HA
aBa (mo mpomexkyTkam (—o0,0) m (0,400) COOTBETCTBEHHO) W CIENTAEM B
MIEPBOM W3 HUX 3aMeHy U — —U:

/f smAu du —

0

+ o0
1 sin A 1 sin A
:f/f(x—i—u)bm udu+—/f(x+u)bm Y du =
T u T u
0

— 00

+oo
:;/f<:c+u>+f<w—u>

u

sin Audu =
0
+o00
sin Au du—i—l / fletuw+ flz-u
T / u

[ f(e+u)+ f—u)

u

sin Au du.

O0603HaYNM TIEPBBII 13 HTUX WHTETPAJIOB Yepe3 I1, a BTopoit uepes Is.
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ITockonbky

du <
U

+/°°‘f<x+u> + fz—u)

1

—+oo —+oo

+oo
S/\f(x+1t)|du+/\f(x—u)|du§2/|f(v)|dv<+oo,

1 1

ro byakmua v — [f(x + u) + f(z — u)]/u abcomoTHO WHTErpHpyEMa TIO
npoMexxyTKy [1,+00) m k I MOXKHO puMeHuTH JemMmy Pumana — JleGera
st GeckonewHOro mpoMmexkyTka. Chemosarensho, Io — 0 mpu A — +o00.

[Momobuoe paccykaeHre He TPUMEHUMO K WHTErpasy I, MOCKOIbKY TOKa
MBI HE B COCTOSHWH TAPAHTUPOBATH HHTErPUPYEMOCTh GyHKIwn 4 — [f (2 +
u) + f(x — u)]/u B okpecrHocTH HyNs. Uccaenyem I; Gosee jeranbHo, Jist
4yero npubGaBUM M BhIaTeM mpeaenbnble 3nadenusa f(r + 0) u f(x —0) B
YUCAUTENE TTOABIHTErPATLHOTO BLIPASKCHNS:

sin Audu =

1
1 [ flztuw) +f( 0)
S

1
T

) 1
/f(x+u)—f(w+0) SinAudqul/f z—u) — flz-0) sin Au du+
u T
; 0

+

1
%/f (z+0) +f( )sinAudu. (11)
0

IMockonbKy f — Kycouno-riajkas Gynkuug, To uarepsad [0, 1] MoxHO pas-
OUTL HA KOHEYHOE UHCIO OTKPBITBIX IPOMEKYTKOB (Zj,Zj4+1) HA KAXKIOM
u3 koropeix dynkmun [f(z + u) + f(z + 0)]/u u [f(z —u) + f(z — 0)]/u
HenpepbiBHO HuddepeHnupyeMsl, a B KazxKI0i U3 KOHIEBLIX TOYEK T; UMe-
0T KOHEYHBIE TIPEIeNbl cyieBa u cupaBa. Ocobo MOgYepKHEM, YTO OHU UMe-
10T KOHedHble Ipesesbl B Touke T; = ( cIpasa, IOCKOJIbKY CYyIIECTBOBa-
HIE W KOHEYHOCTh ITUX TIPEIETOB CHeNUaIhbHO OTOBAPUBAETCS B ONpEe-
JIEHWH KYCOUHO-TIAAKON (QYHKITHH. Y 9UThIBAs TAKYIO CTPYKTYDPY (DYHKIIHI
[fz+u)+ f(z4+0)]/un [f(xr —u) + f(z — 0)]/u, 3axmouaem, aTo 0be OHH
abcomorao mATErpEpyeMbr Ha uaTepBase [0, 1]. CremoBarenbHo, mo gemme
Pumana — JleGera, nepsbie nBa ciaraembix B (11) crpemsarcs K Hyso upu
A — +o0.
10



Tperbe caaraemoe B (11) upeobpasyem ¢ LOMOIIBIO JIMHEHHON 3aMeHbl
nepemMennoi Au = v:

[ F(z+0)+ fz—0)

sin Audu =

A
f(fE‘l’O)‘i’ffE*
[

W3 kypca mareMaTndeckoro aHajn3a Bbl 3HAETE, 9TO MHTErPAJ

—+oo

sinwv
dv,
v

0

HA3BIBAEMBIH UHMe2paaom JTupurie, CXOMATCS, U ero 3HAYEHWEe PABHO /2.
Takum 0bpaszom, upu A — 400 Tperbe caaraemoe B (11) crpemMurcd K auciy

[f(z +0) + f(z - 0)]/2.

OkoHYaTETIHLHO TOTyYaeM

_ ) f(x+0)+ f(z—0)
lim = lim I lim I, =
A—l>+oo fA( ) A—lr—‘roo 1t A—1>+oo 2 2 ’

UTO U 3aBEPIIAeT JOKA3ATEIbCTBO TEOPEMBI.

OTrMeTuM, 9TO CYIMIECTBYIOT U APYTHE YCIOBUS , TAPAHTUPYIOIINE s TAH-
HOM TOYKH COBIAIeHNe 3Hadennst naTerpana Oypoe co 3HAYEHUEM TPEICTAB-
nsemoit um byukiuun. OJHAKO CIegyer UMeThb B BHIY, YTO TOJBKO HEIpe-
PBIBHOCTU ¥ aDCOIOTHOM MHTErpupyeMocTr (DYHKIMH JIJIs ITOrO HEIOCTa-
TOYHO.

3agaun

YcranoBuTe (DOPMYJIIBI, CINTAS MAPAMETD G MOJOKUTEIHHBIM.

1.
+Ocsina /2, ecmm |z| < a,
/ Y cosyrdy =< 7/4, ecmu |z| = a,
0 0, ecau |z| > a.
2.
T (a— [z i
—cosay . m(a—|z|)/2, ecm |z| < a,
/ y2 cosyw dy = { 0, ecaw |x| > a.
0
3.

—+oo

sinmy / sinya d 27 lrsinz, ecan |z| < 7,
12 MY =, ecmw |z| > 7.
0

11



—+oo

cos(my/2) cosuz du — 271 cosx, ecam |z| < m/2,
1— g2 yray =1 o, ecrm |x| > /2.
0
5.
oo ] . e % ecau x > 0,
acosyx + ysmnyxr
/ - dy=< m/2, ecm x = 0,
) Ty 0, eca x < 0.
6.
too 4
i — <
/ sm2y cos 2y dy — m(1—l|z])/2, ecmm |z| <1,
Y 0, ecam |z| > 1.

§ 3. Pasnoxkenue uHa mosrynpsimoii. IIpsimoe u oGparHoOe cuHyc- u
KocuHyc-nipeobpa3oBanune Pypbe

IIycry dysknusg f : R — R npeacrasuma cBoum mHTerpajioMm @ypbe
(Haupumep, Lycrb JJis Heé BblIOJHEHbl yciaoBus reopembl u3 § 2). Torua
st Beex ¢ € R umeem

fz) = /[a(y) cos yx + b(y) sin yz| dy, (12)
0
rie
1 +o00
aly) = - / F(t) cos yt dt, (13)
1:0
b(y) = —~ / f(t)sinyt dt. (14)

Eciu, kpome Toro, pyskuua f 4€rHa, TO HOABIHTErPAIbHAS (DyHKIMS
B (13) okasbiBaercs 4ETHON, & 3HAYUT, YTOT MUHTErPAJ MOXKHO 3aMEHUTH
VJIBOSHHBIM WHTErPAJIOM TIO MOJOBUHHOMY TTPOMEXKYTKY. [TomasiarerpanbHast
dyukuus B (14) upu 3ToM oOkasbBaeTCA HedETHOH, U uuTerpan B (14) 3a-
Hynsercs st Beex y. [losromy st uérroit dyukmmn BMecto (12)—(14) Mer
MOJIyYaeM cledyiomue 6oee MpoCThie U CHMMETPUIHbIE (DOPMYIIBI:

+o00
f(z) = / a(y) cosye dy, (15)

0
12



+oo
a(y) :% / f(¢) cosyt dt. (16)

Awnanoruuno dopmysist (12)—(14) ynpoinawores u B ciiydae, Korua BhyHK-
musa [ #edérHa. [Ipw 3TOM pe3ysIbTaT BBILIAIAT TAK:

—+oo

f@) = [ bw)sinye dy a7)
2 [
bly) = - / f(t)sinytdt. (18)
0

Ipennonoxum gamee, uro GpyHKIMA f 3aJaHa JIUIb Ha IIOJYIPAMOI
(0, +00). MoxkHO st ipeacTaBuTh eé uaTerpagom @ypoe? Konedno, Mox-
HO. Hy>KHO JMIIb IpeBapUTebHO NPOJOKUTE €€ Pa3yMHBIM 00pa3oM Ha,
BCIO TIPAMYT0. BO3HMKAOMMIT MpM 3TOM TIPOM3BOJ B BHIGOPE MPONOIKEHUS
MOXKHO UCIOJIB30BATh s yrpornenus hopMyi. B camom mene, mpomo/kus
dyarmmo f : (0,400) — R 9érabiM 00pa3oM, MBI, €CTECTBEHHO, TPHIEM
kK dopmymnam (15)—(16). Ilpu srom dyuruus a, nocrpoenHas no hopmy-
ae (16), naspiBaercs npamovim Kocunyc-npeobpasosaruem Pypve byHkimun
f, a dbyaknua f, mocrpoennas mo dbopmyne (15), HA3BIBAETCS 0OPAMHBIM
Kocunyc-npeobpazosaruem Pypve Gyrkimu a. ObpaTuTe BHUMAHUE €11€ Pa3
HA TO, YTO MPSAMOE W 0BpaTHOE KOCHMHYyC-TipeoOpasoBanns DPypre pasnmda-
I0TCS JIMIIb 9UCIOBBIM MHOMKHTEIEM.

Ananorwuno, npogoskus Gyakuuio [ : (0,+00) — R meyérapiM 06pa-
30M, MBI TIOIy9uM i1 eé uarerpaia @ypobe dopmymst (17)—(18). Ipu sTom
rosopsT, uro dbopmyna (17) zamaér npamoe, a dopmyna (17) — obpammoe
cunyc-npeobpasosanue Dypove.

3agaun

IIpencrasbre muTerpamom ®ypobe caemyormue (PyHKIWH, TPOIOTKAB UX
a) 9ETHBIM ¥ 6) HEUETHBIM 00pa3oM Ha WHTepBai (—oo,0).

7.
sinz, ecmm 0 <z <,
xTr) =
f(z) {0, ecjim T > .

fz) = 1, eem0<z<1,
1 0, ecmmx > 1.
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flz) = z, ecm <z <1,
1 0, ecmuzx > 1.

10.
f(z) = 2—3z, ecn 0 <z <2/3,
10, ecmm x> 2/3.

Perure ciemytomme naTErpasbHbBIE yPABHEHNUSA, CIUTAs, YTO T W3MEHsI-
ercd B yKa3aHHbIX IIpejiesiax.

11.
+00 1
/ f(y)cosa:ydyzm, x> 0.
0
12.
+oo
1
/f(y)cosxydy:1_’_73627 r eR.
0
13.
“+o0
. 1
/ f(y)51nmydy—1_|_77 x> 0.
0
14.
“+oo
1
i = — R.
/f(y)smxydy T S
0
15.
+o00
/f(y)sinxydy:efm, x> 0.
0
16.
+oo
S
. _ 5 sinx, ecim 0 <z <m,
/ f(y)sinay dy { 0, ecaa T > .
0
17.
0 fcosw, ecmm 0 <z <,
/ fly)sinzydy = -7, eciu T = T,

0 0, eCIn T > .



18.

—+o0
/ fly)sinzydy = LL‘67$2, x> 0.
0

§ 4. Ilpumepsl BBIYUCIEHUSI CUHYC- U KOCHHYC-TIpeobpa3oBaHus
Dypbe u npeacraBiieAns QyHKIuu eé naTerpasgom Dypbe

IMycrs a > 0 u ayis Beex MOTORUTENbHBIX T GyHKIU f 3amana Hopmy-
noi f(z) =e .

jisi BeIYMCJIeHUS KOCUHYC-1peobpa3oBadusa Pypbe PyHKimy f 1BazK bl
MPUMEHUM UHTEIPUPOBAHUE TI0 YACTIM:

9 +o00o
a(y) = — / e " cosxy dr =
T
0
—+oo
27 1 r=tee
=— {—e‘“” cos Ty Y / e~ " sin xy da:] =
| a 0 a
0
“+oo

2{1 y{ 1 ...
=—<——=|——e “sinzy
a

r=-+00 y
+ = / e " cosarydx} } =
a a 0 a

0

2/1 my?
=7\a 7 22°®)

PaccmaTpuBag 3TO PABEHCTBO KAK YPABHEHUE OTHOCHTENBHO a(Y), HAXOIAM

2 a
T a2+y2'

a(y) =

Anamorngueiii TpuéM MOKET ObITH IPUMEHEH U IS BBIYUCIEHUS CHHYC-
npeobpazopanug Pypoe dyukiuu f. Onyckasd JeTann, YKaXKeM TOJbKO pe-
3yIbTAT:

+oo
2
bly) = — / e sinxydr = — - y

T oa?+y?
0
HeszaBucumo 0T TOro, 4€THLIM WM HEYETHBLIM O0Pa3oM IIPOHOJIKeHa f
HA BCIO YUCJIOBYIO TMPAMYIO, 9TO IPOJOJKEHUE, KAK JIETKO BUIETH, OyIerT
abCOIOTHO WHTErpUpyeMoil KycouHo-riaankoit dbyukimeii. CienoBaTenbHo,
HA OCHOBAHWUU TEOPEMBI O TPEJACTABUMOCTY (DYHKIIUH CBOUM WHTETPAJIOM
15



Dypbe, MOXKET yTBEPzK/IaTh, 4T0 1pu T > 0 crupaBejjiuBbL CieAyomue pa-
BEHCTBA!

+oo
_ cos xy
e = coszydy = —

/ a(y) ydy /a2+y

u
—+oo +oo
9 .

e M = /b(y)sinxydy:; / 7‘7;281132(1

0 0

Bur Y2Ke BCTpevajn X B Kypce MaTeMaTUYeCKOro aHaJn3a Mpu n3y4Yennn
TEeMbI «I/IHTeraJILI, 3aBUCAIINE OT ITapaMeTpa». TOF,EL& BbI UX 3allIUCBIBAJIN
caeayomuM 006pa3om:

+oo
cos Ty T
P gy = — e AT
/a2+y2 Y7 %
0

—+oo

sinx ™ -
a®+y 2
0
(a > 0,z > 0) u HazwiBAIM unmezpasamu Jansaca. Kak sunure, reopus

naTerpana Oypbe no3Boauaa HaM 6€3 0COOBIX YCUIUi BBIUYUCIUTD 3TH TPY/I-
HbIE HHTEI'PAJIBI.

3agaun

Cunras mapaMeTp a MoJOKUTETbHBIM, HAHIATE KOCHHYC-TPEOOPA30BAHNE
Oypbe caenyromux GYHKINNA, 33JaHHBIX HA IOy TPAMOL.

19.
1, ecu 0<2x<a,
f(x)—{ 0, ecmum x> a.

20.

fz) = cosz, ecim 0<z<a,

1 0, eciu T > a.

2

21. f(x)=e""".

22. f(x) = cos(z?/2).

23. f(z) = sin(2?/2).

16



Cunras mapaMmerp @ MOJOKUTEIbHBIM, HARIUTE CHHYC-IIPeOOPA30OBAHME
Dypbe caeayonux GyHKINUH, 33JaHHBIX HA HOJYTIPIMOI.

24.
f(x)

1, ecm0<z<a,
0, ecmm x> a.

25. f(z) = ze o /2.

26. f(z) =2 lsinz.

§ 5. Kommekcunaa dhopma unrerpaia @Pypne. IlpeobpasoBaiine
Pypbe. PopmyJsia obpariienus
Homnycrum, uto ¢dyukmus f : R — R mpeacraBuMa cBOuM HHTErpaioM
Dypoe:
—+o0

flz) = / la(y) cos zy + b(y) sinzy] dy. (17)
0

IMoncrasum B (17) BhIpazkeHud JJid CHHYcCa U KocuHyca 110 dopMynam ii-
Jaepa

el 4 et e —e
COSp = ———— Cosp = ————
® 5 v 2
B pesysibrare nonydum
+o0 izy Ty LTy iy
ey 4 e ety —e™
f(x) / {a(y) 5 +hy)—; Y
+oo . +o0 D
A 0

HenocpencrBenno u3 onpenenennsa (pyHKIINN @ BHITEKAET, 9TO OHA, SIBJIfA-
eTcsa YETHOI:

+o0 +oo
a(—y) = % / f(t)cost(—y)dt = % / f(t)costydt = a(y).

Anamornuno dyskimg b aBiagercd HEIETHON. Y YUTHIBAs 3TH ODCTOATEb-

CTBa, CeJaeM 3aMeHy [IePEMEHHON ¥ — —y B nocJjeaHeM uarerpaie B (18):
b b ) b
flx) = / aly) — ibly) ;l W) giny dy — / aly) — bly) ;Z W) giry dy =
0 0
17



+oo

— / a(y) B Zb(y) eia:y dy
2
—o0
Ucnonsays dbopmymty Ditepa €'Y = cos p+isin ¢ u onpenenenns (5)—(6)
KOCHHYC- M CHHYC-IPEOOPA30BAHNs, MOXKEM 3AIUCATE

) +00 +oo
aly) — ibly) ;b(y) = % / F(t)[cos ty — i sinty] dt = % / F(t)e™ ™ dt.

Takum 06pa3oM, MBI TIOTYIAIN HOBYIO (DOPMYITY, SKBHBAJIECHTHYIO (POp-
myse (17):

+o0_+00
flz) = % / {/ ft)e v dt] e Y dy. (19)

IIpaBag 9acTh HOCIEIHErO PABEHCTBA HA3LIBACTCH KOMNACKCHOT Bopmot
unmezpasa Dypoe.

Pasenctso (19) HABOAUT HA MBICIL PACCMOTPETH MOPO3HB CJIELYIOIINE
Apa npeobpasosanust. OJHO U3 HUX CONOCTAB/IACT PyHKIMA f HOBYIO (DyHK-
U0 f, ONpEeeIsIeMyI0 PABEHCTBOM

+oo
T 1 —iTY o
= Zo f(@)e i de.

D710 TPeodPA3OBAHNE HABBIBAETCS NPAMbIM Npeobpazosanuem Pypve u 060-
sHadaerca yepes Fy. Ilpu stom dyuxkuua [ = F.y[f] HasbBaeTcsa npsambiM
npeobpasosannem Pypbe dbyukimu f.

v
Hpyroe mpeobpa3oBanue COOCTaB/sieT (PyHKIUA ¢ HOBYIO (PYHKIHIO G,
OTIPEJIEISEMYIO PABEHCTBOM

v 1

9(9&):\/—2?

D10 mpeobpa3oBaHe HA3LIBACTCH 00pamHuLM Tpeobpazosanuem Pypve u

+oo
/ g(y)e’™ dy.

obozuauaercs uepe3 F_. Tlpu sTrom dbyHrIms 5: F_|g] naswiBaercs obpar-
HbIM TIpeoOpazoBanuem Pypoe hyHKIUM ¢.

Beenéunbie onpeeienus MO3BOJISIIOT BEICKa3aTh paBeHCTBO (19) ciemyio-
M 06pa30M: TIOC/IEI0BATETHLHOE IPUMEHEHHE TIPSIMOT0, & 3aTeM 00PaTHOrO
npeobpaszopatuii @yppe He nsMeHsieT PYHKIMIO. AHAJIOIMYHO MOXKHO ybe-
IUTHCS, 9TO W TIOCAEI0BATEIHLHOE TTPUMEHEHNE CHAYA I, OOPATHOTO, 8 3aTeM

18



npsiMoro npeobpasoBanuit Pypbe TakKe HEe H3MEHSET UCXOAHYIO (PYyHKIUIO.
CuMBOIaMHU TH YTBEPKICHUS 3AMUCHIBAIOT KOPOUIE

f=f=f mm  f=F[F [f]] = F_[F[f]]

¥ HA3BIBAIOT POPMYAAMU 00PGULEHUA Hpeo6pa3oEaHHH Dypne.

B cuny dopmys obpainenns, dyukiuun f u f B OLpeneEHHOM CMBbIC/IE
pasHonpashbl. OnHaKO (Jaxke /Jid BeleCTBEHHO-3HAYHON (dyHKimu f) J/”\,
BOODIIE TOBOPS, ABIAECTCA KOMILIEKCHO-3HAYHON. UT00bI mM36e:KaTh TakKoi
ACHMMETPHUH, TPU U3ydeHnn mpeodbpas3opatust Oyprbe MbI Oy1eM U3HAYAIBHO
OPeJIoiaraTh, YTO PaccMaTpuBaeMbie (DYHKIUN [ NPUHAMAIOT KOMILIEKC-
HbIE 3HAYEHUS.

3agaun

~ v v ~

27. Hokaxwure, uro f(z) =f (—z) u f (z) = f(—=). (1o mpocroe
HabJIIo/IeHNe TIO3BOJISIET BO BCEX MTOCIEIYIONIIX 3a1a4aX PeagbHO BbIYUCIATh
TOJILKO NpsiMoe mpeobpasosanue Dypobe.)

28. Jlokaxkure TUHEHHOCTH IPAMOI0 U 00paTHOrO npeodpasoBanuit Dy-
pbe, T. €. YCTAHOBUTE, UTO st JIFOOBIX KOMILJIEKCHBIX YHCET a U b cripaBe-
JINBBI DABEHCTBA

Filaf +bgl = aFy[fl+bF g w  F_[af +bg] = aF_[f] + bF_[g].

29. HokazkuTe, 9T0 (POPMYIIBI O0PAIIEHNSA CIIPABEIIUBDI 718 KOMIIIEKCHO-
3HAYHBIX DYHKIHHN, & HE TOJBKO JJI BEIIECTBEHHO-3HAYHBIX, KaK ObLIO 10-
Ka3aHO B TEKCTE.

Cuuras a sBemecrseHHLIM yuciaoM, a f : R — C — uenpeprniBHO# ab-
COJIIOTHO MHTErpupyemoi (pyHKIpeH, JOKaXKUTe CIeAyIONINe PABEHCTBA U
HafiIuTe WX aHAJIOTH I oOpaTHOro mpeobpazosanns Pypoe.

30. F [e" f(x)](y) = Fi[f](y — a), T. e. cnpur no daze y dynxnun
IPUBOIUT K CABUTY TIO apryMeHTy y eé npeobpazoBanusi Dypre.

31. F[f(x—a)](y) = e F,[f](y), T. e. caBur 10 aprymenty y byHK-
[U¥ TIPUBOAUT K ¢ABUTY 110 (hasze y e€ mpeobpasoBanus Dypbe.

32. F[f(z)cosaz](y) = [f(y —a) + f(y + )] /2.

33. Fy[f(x)sinaz|(y) = [f(y — a) — f(y + a)l/(20).



34, Ilycrb pyukuus f u e€ nepsasi HPOU3BO/HANA HELPEPbIBHLL 1 a0CO-
groTHO uHTerpupyeMbl HA R. Jlokaxkute paBeHCTBaA

rl Lo =@rinm v m|L)w = e,

ozHavarolme, 4ro npeobpazopanue Pypbe nepepoaut (€ TOYHOCTHIO O YH-
CJIOBOI'O MHOXKHTEJ) olepaiuto JuddepeHinpoBaHus B OIEPAIUIO Y MHO-
2KEeHUS Ha HE3ABUCHMYIO [I€DEMEHHYIO.

35, Ilycrs dpyrknus f HenpepbiBHa Ha R u mycTh, Kpome Toro, GpyHKIHK
f(z) m 2 f(x) abcomoTro nuTerpmpyemer Ha R. JTokaxkwnTe, uro dyHkmmn f
v

u f nuddepeHnupyeMbl, IPpUIEM

Yy =—irles@l)  n Hw)=irwr@w.

DTu paBeHcTBa O3HAYAIOT, YTO npeobpazoBanue @ypoe nepepoaut (¢ TOUHO-
CTHIO /IO YUCJIOBOI'O MHOXKUTEJIs) OLHEPALMI0 YMHOXKEHUsS HA HE3ABUCUMYIO
MEPEMEHHYIO B OTepaInio quddepeHIinpoBaHms.

§ 6. IIlpumep Bbrunciienusi npeodbpazoBanus Pypbe

Mycrs a > 0 u byuxnusg f: R — R onpenenena dopmysnoii f(z) = e—aa”
Haiiném fAI/I }
JIjig HaYasa, BLIYACIUM BCIIOMOTATEIbHBIA MHTErPaT
+00
J(a) = / e cos x da. (20)

0
I/IHTerI/IpOBaHI/Ie II0 YacTdM ,ZLaéT
—+oo

J(a) = / e’ d(sinx) =

0

2 too i 2 i 2
=e * sinx + 2a / xe ¥ sinxdr == —2a / xe " d(cosx) =
0
0 0
oo +o00o

_ 2
= —2a {aze @ cos T

- /(cf‘“’“’2 —2aa:26“2)cosxdx} =

0
20

0



+oo —+oo
— 2 a2
= 2a / e " cosxdx—4a2/m26 9T cos T dx.
0 0

3aMeTuB, 9YTO MOCAETHUI WHTErPAJT MOYKHO TPAKTOBATH KAK B3ATYIO CO 3HA-
KOM MUHYC IIPOU3BOIHYIO [0 napamerpy a or dbyakimonana J(a), MoxkeM
[epenucarb 3T0 PABEHCTBO B BUJIE

J(a) =2aJ(a)+ 4a2d—J. (21)
da

IMpu BeBOZE hopMmynsl (21) Mbl BeMOTHUIN TUMDOHEPEHIMPOBAHUE O
3HaKOM mHTerpasa B (20). Kak H3BeCTHO M3 Kypca MATeMaTHIECKOTO AHAJ M-
3a, 9Ta ONepaIns 3aKOHHA, eCJTN UCXOTHBIN HHTErPaJl CXOIUTCS, €0 TIOIbIH-
rerpanbHas (DYHKIHS MMEET MPOM3BOJHYIO MO MapaMerpy, U y 3TO# mpo-
M3BOTHON €CTh MHTErpupyeMas MaskKopaHrta. [I[puMeHHuTeIbHO K HHTErpaty
J(a) mpobaeMy cocTapiger TOJbKO HAJIUINE MHTETPUPYEMON MAsKOPAHTBL y

MTPOU3BOIHON TOIBIHTErPAJILHON (DYHKITHH:

7 %79 cosz. (22)

2 9
®urcupoBas ag > 0, BUAMM, 9TO HepaBeHCTBO |x2e 9 cosx| < x2e 0%
CTIPaBEIIMEO 171 BCEX G € [ag/2,+00) m Beex & € R. Tem cambim byHK-

2
st © — x’e” %07

SIBJISIETCST MHTEIPUPYEMON MaYKOPAHTOM [/Tst (pyHKITUH
(22) oTHOCHTESTBHO IAPAMETDPA 4, H3MEHSIOMErocsa B MHTEpBae [ag/2, +00).
Caenosaresnbho, nouwennoe auddepenimposanue narerpasia (20) 3aKOHHO
B JI0DOH TOYKE 3TOr0 HHTEPBAJA, B TOM YHCJE U B TOYKe ag. OTHAKO, TIOJO-
KUTEJIHHOE IUCTO Gg OBIIO BLIOpaHo mpon3BoakHO. CremnoBareahbHo, HHTE-
rpait (20) moxkHO auddepeHIupoBaTEL 0] 3HAKOM HHTErpajia IpH JI0OoM
MOJIOXKUTETBHOM Q.

Urak, mbl ybeauiuck, uro ypasuenue (21) cupasemiuso ajid Beex a > 0.
Pemtag aTo ypaBHeHne ¢ pa3aesiomuMUCcs IePEMEeHHBIMA OOBITHBIM 00pa-

30M, IIOCJIEJOBATEJIbHO IIOJIyYaeM

dJ 1—2a dJ
— A2 —
(1—2a)J(a)—4a %7 Wda—77
1 1 C 1
an:—E_ilna"—Cl, J(a):ﬁe 1/4, (23)
rae C] uC = 601 — HEKOTOPbIE IIOCTOAHHbLIEC. Takum 06pa30M, MbI HaIllJIH

BoIpazkenne GyHKOuU J(a) ¢ TOYHOCTBIO J0 MOCTOAHHOrO MHOxkHUTeas C
KOHKPETHOe 3HadeHre KOToporo OyaeT HaiiaeHo mo3xKe.
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Obparumest COBCTBEHHO K BBIMUCIEHUIO IPAMOTO 1peodbpazoBanus @ypbe
2
dbynkuun f(x) =e”

axr” .

~

+o0 +o00
1 2 1 2
fly)=—= / e e W dy = —— / e~ [cos xy — isinxy] dz.
2 2
vam ) vam )

[Moceauuii uHTErpas MOIyUYeH ¢ UCHoab30BaHueM hopMy/Ibl Ditrepa e =
cos ¢ + i sin . TlocKOAbKY MHHUMAas YaCThb €r0 MOABIHTErPATbHON (DYHKINN
HEYETHA TI0 T, TO MHTErpaj OT He€ paBeH HyJ0. BemecrBeHHas ke dacrb
ecTh DYHKIWS 96THASA, U HHTErPas OT Heé M0 CHMMETPUIHOMY OTHOCHTEh-
HO HYJIsl IPOMEKYTKY PaBeH YIBOCHHOMY MHTETPAJIY IO MOJOBUHHOMY IIPO-
MexkyTKy. [loaromy

—+oo
—~ 2 2
= — e % cosaydz.
f() on O/ Yy

Cuurasi y OTJIUYHBIM OT HYJIs, CIAEJAEM B IOCAEIHEM MHTErpaJje JIMHe-
HYIO 3aMEHy [EePEeMEHHOMH, TIOJIOKUB T|y| = 2, u Bocnoab3yeMcst hOpMyJIoit
(23) pna unrerpana (20):

—+oo
~ 2 2/ 2
fly)=——= / —aZ /Y coszdz =
lylvam
2 Wl s - 20 e, (24)

Cylver Va V2ra
rae nocrosaaas C BeE emé 0cTaéres HeolpeIe/ISHHOM.
Boiie Mot Boisesin opmyiy (24) njisi Becex y, He paBHbIX Hys0. Jloka-
KeM Temepb, 9TO OHa cupaBemmuba u gy y = 0. st 9Toro mpexkiae Bcero
3aMeTHUM, 4TO IpaBasd 4acTb Gopmysst (24)

y s 20 eiy2/4a
2ma

ecTb (DYHKIMS HEMPEPLIBHAS HA BCell umcioBoi npsimoit. Jlamee ybeanmcs,
9TO ¥ JeBas 4acTb (HopMybl (24)

“+o0
1 —az? —ix
ny(y):E/e e "dx
—oo

Tak>Ke gaBadgeTcd (PYHKIMeH, HeIPePhIBHOW HA BCeil YnMCI0BOM mnpamoii. 13

Kypca MaTeMaTH4eCKOro aHaJn3a Bbl 3HaeTe, YTO MHTerpaJl, 3aBUCAIIUN OT

napaMeTpa (B HAIEM CIy9ae — OT Y), HETIPEPHIBEH, €CJIU TOIBIHTErPATbHAS
22



byHKIMS HEIPEPBIBHA 110 Y U UMEET UHTErPUPYEMYIO MakopanTy. B namem
CAydae ¥ HEIPEPBIBHOCTH TOABIHTErPAIBHON (DyHKITUH

(Cﬂ, y) N efazQefizy

IO TApaMeTpy Y, ¥ HAJIU'We y He€ WHTErPUPyeMoil MazKOPaHThI
—az? —ix —az?
|e axr e uy‘ S e axr

B PABHOI CTENEHU OYEBUIHBI.

Taxkum 06pazom, (24) yTBepKAAET, YTO J(BE HEPEPbIBHbIE (DYHKIIUKU DaB-
wbl ipu Beex y # 0. Ho rorma stu dyukmnuu pasast u npu y = 0. Ciegosa-
TEJILHO, PABEHCTBO (24) CHpaBeiiuBO JJisd BCEX Y.

Yrobbr maiitu nocrosguauyo C; MBI KaK pa3 u moactaBuM 3uadenue y = 0

B dopmyiy (24):

“+o00

2C -~ 1 2
= f(0) = — M dx.

=0 = [

Crenap B MOCTEIHEM MHTETPAJIC 3aMEHY TIEPEeMEHHOH ¢ = \/ax, mosyaum

“+o00
20 1 / ey
e — e .
V2ma V2ma

Orciona, NCTONML3YST U3BECTHOE M3 KYypPCA MATEMATHYEeCKOTO aHAJIN3a 3HAYTe-
Hre uHTerpana Ilyaccona

+oo
/ et dt = /7,
“
naxomum C = /7/2 u
) = e

V2a
ITpu a = 1/2 s71a popmyna cTaHOBUTCS OCOOEHHO U3SAIIHOI:
e*f”/Q\/z(y) — V2,
CroBaMu €€ MOXKHO BBIDA3WTh TaK: DYHKIUS T +— e=°/2 apgercst cob-
CTBEHHBIM BEKTOPOM MpsMOTO mpeobpazopanuss Pypbe, OTBEIAIOIINM COO-
CTBEHHOMY 3HaueHuto 1 (HyzKHO JIMIITb BCIOMHUTE, 4TO Ipeobpasosanue @y-
pbe JIHHEHHO, a B Kypce JUHEeHHO anrebphl BbI HA3bIBAIN HEHYJIEBOM BEKTOPD
v, yIOBJIETBOpsONuil paBeHcTBY Av = Av, COOCTBEHHBIM BEKTOPOM JIHHEH-
HOTO omepaTopa A, oTBedalomuM cOOCTBEHHOMY 3HAUEHUIO \).
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2
—ax

Hakonen, naiiném obparnoe npeobpasosanne ®@ypoe or f(r) = e
Haubonee mpocro caenarh 310, BeIpa3us oOpaTHOe mpeodpasoBanne Pypbe
dyHKIME Yepe3 €€ npsiMoe Tpeobpa3oBaHue:

+oo
f )= ¢127r/ Fla)e v dr =

+oo
_ b Cia(-y) g0 oy — L y?/da
m/ Jaem = de = J(=y) = e/,

B wacTtHOCTH, MBI BUAMM, UTO IpsiMoe u obparHoe mpeobpasosanus Pypne

or dynrmmm f(x) = e—ae’ COBITAJAIOT MEXKIy COOOii.
Sagaun

Haiimure mpsimoe u obpaTHoe nipeobpasoBanns @ypbe caeayomux (GyHK-
Muii.

36.
o={ 3 s
37. -
10 ={ 5 by
38.
ro={ 5" sy
39- @) = { 22, ecmn |x| <1,
0, ecuu |z|> 1.

40. f(z) = e~ /2 cosax, a € R.
41. f(z) = e " /2sinazx, a € R.
42. f(z) =e % /2¢iT g c R,

43. f(z) = ze~ 9l a > 0.
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44.

45.

46.

47.

48.

49.

50.

51.

52.

53. Jlokazxute, uTo mpeobpasosanme Oypre dbynkmm f(z) = 1/(1+z'2)

Fla) = & (el
Flo) = & ae )

[ e, ecm |z| <,
fe) = { 0, ecmm |z| > .

[ cosz, ecmm |z|<m,
@) = { 0, ecm |z| > 7.

sinz, ecmu |z| < T,
0, eciw |x| > .

e ecm z € [0, 7,
0, B IPDOTUBHOM CJIydae.

1, ecmm |z| € [1,2],
f@) =94 L4
) POTHBHOM CJTydae.

1
f@) = 1+ 22
d3 1

UMeeT HEIPEPhIBHYIO TPOU3BOJHYIO JECATOrO nNopdaKa.

54. Mokaxwure, uro npeobpasosarne DPypre bynkunm f(x) = zelel®

ABJIsteTCst 6ecKoHeIHO nuddepeHimpyemMoit GyHKIneri.

55. okaxkure, aro npeobpazopanue Oypbe aOCOMIOTHO HHTETPUPYEMOii
uenpepeiBHOi Gyarmpum f : R — C gBigercsa BemecTBeHHO-3HAMHBIM, €CIIH
1 TOILKO ecm pasercTso f(—x) = f(x) cupasemmuso gyis Beex x € R.

56, IIyctb f : R — C — abcomoTHO HWHTErpupyeMas HeIpepbIBHAA

dbyuknus. Jlokaxure, atof =f, ecau u TOAbKO ecau f — 4éTHast DYHKIMSA.

Vv
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§ 7. BeicTpo yobIBalomue pyHKITNN

Ipenpraymum maparpadoM 3aKOHIEHO 3HAKOMCTBO C TePBOHAYATbHBIMY
dakramu Teopum mpeodpaszoBanus Pypre. B mocmenyrommx maparpadax
MBI BcTaéM Ha 6oJiee TPOABUHYTYIO TOUKY 3PEHUS U PA3BUBAEM TEOPHUIO TIpe-
obpazoanus Pypbe /i TaK HA3BIBAEMBIX OBICTPO yOBIBAOMINX (DYHKITHL.
DTO MO3BOJISIET HAM HE JIEJIATh pa3iudust Mex/y upeobpazopanusivu Dy-
pbe MYHKIMIA OMHON WM HECKOJIHKUX MEPEMEHHBIX, & TAK¥Ke CYIIECTBEHHO
yOpOIAeT TexHu4deckue nerajn. Hauuém ¢ onpenemeHuii.

Onpenenenne 1. Myavmuundercom o HA3BIBAETCS BEKTOD (v, . . ., (),
BCe KOMIIOHEHTBI (v; KOTOPOTO — HEOTPHIATEIbHBIE 1esble ducia. [Ipu sTom
YHCI0 N HABBIBAIOT 0AUHOT MyAbMuUuHderca o, 9ucio || = a; +ag + -+
Q, — €ro 6ecoM M YACTO HCMONL3YIOT obozHadenue ! = aq! - agl -+ -
ap!. Cymmoli IBYX MYJBTHHHIEKCOB ( U 3 HA3BIBAIOT HOBBIA MYJIbTHHHIEKC
(a1 + B1,00 + Pa, ..., + Br), 0b03Hagas ero gepes « + 3. Humyr a < 3,
ecu 1Jist Kaxkaoro j = 1,2, ..., BbINIOJNHSETCsI HepaBeHCTBO o < 3. s
sroboro BekTopa © € R™ nmpomwseenenne 7" 252 - - - x3" KPATKO 3aUCHIBAIOT
Kak x%, a s o060 (mocrarouno rmagakoit) dymkmuu f @ R® — C e
MPOU3BOIHYO

olal f

837(111 . al‘gz “ e e e 83;%"

KpATKO 3aMuChbBAIOT Kak D f. DTu 0603HAYEHUST CYIIECTBEHHO COKPAIIAIOT
POPMYIIBL.

Onpenenenune 2. Oyuxuuio f : R” — C nmaswiBamoT 6wuicmpo ybuiea-
towed, eciu 1) f Geckoneuno guddepenuupyema B R™ u 2) aysg kaxio-
ro MyJLTUUHIEKCA, (¢ B KAXKJIOTO TOJOKATEIBLHOTO YUCaA P HANIETCS 11o-
crogunas Ko, < 400 takas, aro |[D*f(z)| < Kqp/(1 4+ |2|P?) mna Beex
x € R™. Bgech |x| obozmauaer nmmay BeKTOpa & = (T1,T2,...,%Tn): || =
(e} +af+- o+ ap)/2

Oupegenenune 3. Oyukmuio f : R" — C mazwaor 6oicmpo yovi6a-
owed, eciu 1) f 6eckonedno nuddepennupyema B R™ u 2) mis mobbix
MyJIbTUMHIEKCOB o, (3 byukiua z — *DPf(z) orpanmyena B R™ (1. e.
naiinéres nocrogunas Cy 5 < +00 Takas, uro |z DP f(x)] < C, 5 aas Beex
x € R™).

Jlemma. Onpedenerua 2 u 8 IK6UBAAEHMHYL.

JloKa3aTeabCTBO JIEMMBI MBI OITYCKAE€M, TTOCKOJIBKY OHO HOCHT YHCTO TeX-
HAYECKHUN XapakTep.

IIpex e dem mpupecTn mpuMephl ObICTPO yObIBafOmnX (DyHKIHE, HAIO-
MHWM CJIEIyIOm7i (hakT, N3BECTHLIH U3 KypCa MAaTeMATHYECKOTO AHAJIN3A!
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dbyukmus w : R — R, 3agannas dhopmysoit

() = 0, ecin ¢ < 0,
o Ve ecan x> 0,

o
00J1a1aeT CBOMCTBAMU

(a) w(x) > 0 gyst Beex = € R;

(b) w(z) > 0 mas x > 0;

(c) w(z) =0 gna z < 0;

(d) w Geckoneuno nuddepennupyema B R.

Hanomuum, uro csoiicreo (d) ycranaBiubaercs ciedylomuM 00pasoM.
Ouesunno, njs g0bbix m > 1 u z < 0 m-s npousBogHast PYHKIMA w
B TOUKe ¥ cymecTByeT u pasHa (. NHIyKIHEH 0 M HECTOXKHO MOKA3aTh,
aro g aodex m > 1 u x> 0 m-a npousBogHas GYHKIUA W B TOYKE X

CYIIECTBYET M UMEET BUI
dmw 1 71/33
dxm™ (.’t) Pm(x>€ )

rae P, — HEeKOTOpbIH MHOTOWIEH creneHrn m. [IockonbKy Ha ILIIOC HECKOo-
HEYHOCTH IKCIOHEHTa PACTET ObicTpee JTI000r0 MHOTOWIEHA, TO MOCIIETHEe
BBIPAsKEHUE CTPEMUTCS K HYJIIO DU X, CTPEMSIIIEMCS K HYJI0 cipasa. Orcio-
Ja BbITeKaet, 9To dbyukims d™w/dx™ umeer (MepBYI0) IPOU3BOIHYIO B HYJIE
U OHa PAaBHA HYJ0. SHAYUT, W UMEET BCe MPOU3BOJIHBIE B HYyJIE, a 3HAYUT —
ABJIsTETCsT 6ECKOHETHO an(pdepeHITnpyeMoi.

Hanomuum takeke, yro dyukius f : R" — C naswiBaerca gurnumnod,
€CJTH OHA 3aHYJISIETCsI BHE HEKOTOPOTO Tapa KOHEUHOTO PAJNyCa, T. €. eCIIH
cymecrByer yuciao R < +oo rakoe, uro f(x) = 0 gna Beex x € R™, g
KOTOpBIX |z| > R.

W3 ckazannoro caemyer, 4to mnpu a0bom Beidope zg € R™ u € > 0 dyuk-
nusd Wy, o ¢ R™ — R, onpenenéanas Gopmymnoit wy, (z) = w(e? — |z — z0]?),
0b6/1a1aeT CBOCTBAMU:

(1) wg,,e Geckoneuno auddepeniupyema B R™ (Kak cyneprnosurpst MHO-
rounena €2 — |x — x9|? n 6eckoneuno muddepeRTIpyeMoit byHKIHT W);

(ii) wyy e buHETHA, TOUHEE, Wy, () = 0 gug Beex & € R™ Takux, 910 | —
To| > € (Beap A1 TAKUX X apryMeHT €2 — |x — xo|? byHKINN w cTaHOBUTCH
OTPHULATEIbHDBIM );

(ifl) wyy,e CTPOTO TIONOKUTEIBHA B OTKPHITOM Tape |z — zo| < €.

Jpyrumu cioBamu, OYHKINA Wy, . ABISETCS HEOTPUIATENBHON (K He
PaBHOM TOXKIECTBEHHOMY HYJII0) GeckoHeuno auddepenimpyemoii dbunur-
voit pyukmmeii. Takme PpyHKIUM OyAyT HaM HYKHBI HE TOJHKO NPH U3Y-
qeHnu npeodpasoBanns Pypbe; MbI Beerga OyaeM WCIOIb30BATH 1A HUAX
BBEJIEHHOE ODO3HAUEHNE Wy .
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Temepb MBI TOTOBBI IIPUBECTH IIPUMEPBI OBICTPO yOBbIBaIOMUX (PyHKITHIA.

1) Jhobas durnummas Geckoneuno duddeperuupyeman GyrKUuUL ACAAC-
ca bviempo yousarwel.

JokasareabcTBo. DUKCHUPYEM MYyTbTUUHAEKCH! ¢ U 3 U MPEIIOTIOKIM,
4TO HaM gaHa 6eckoneuHo guddepennupyemas punurHasg GyHKuus f, 3a-
HyJsgomasics upu Beex |x| > R. OdeBupHO, npu 3T0M 1 €€ MPOU3BOIHAL
DB f zanynsercs npu Beex |z| > R. C apyroit cropoHs!, MHOXKeCTBO || < R
KOMIIAKTHO, & 3HauuT (mo Teopeme Beliepiirpacca), HenpepbiBHas (DyHK-
nusg ¢ — |2%DP f(r)| nocruraer ma HEM CBOPrO MAKCHMAJILHOIO 3HAYCHHS.

O6o3na4uB 310 MakcuMaJsbHOe 3Ha4enne yepe3 Cy g, MOKEM 3aIUCATD

sup [z*DP f(z)| = sup [z*DPf(z)| < Co 5 < +00.
2ERn |2|<R

Ha ocuoBauuu onpenenenus 3, OTCOIa caenayer, 9to f — ObICTpo yObIBaIO-
mas QyHKIHS.

2) Ecau a1,as,...,G, — NOAOHCUIEALHBIE YucAa, Mo Pynkyus f(x) =
flxy, 2o, ... xy) = e~ MTT —a2Ts =T e nqemen bvi.cmpo Yovearwed.

JloKa3aTeJabCTBO CIEIyeT U3 TOTO, YTO J00ast Mpou3BoaHast GyHkiuu f
UMEeT BUJ] « MHOTOUJIEH OT X1, Tg, . . ., Ly, YMHOKEHHBIN HA f», & 9KCIIOHEHTA,
Ha ILII0C 6ECKOHETHOCTH PACTET ObICTpee JTI00r0 MHOMOUICHA.

Ormerum, aTo DYHKIN U3 TPUMEPa 2, ABIAACH OBICTPO yOBIBAIOIIEH, He
SIBJISIETCST, OHAKO, (PUHUTHOIA.

O6cynuM moJIe3HbIe 4151 JAJTBHENTIIEr0 H3JI0KEHNS CBOMCTBA OBICTPO YOBI-
Baroux (HOyHKITAH.

1) Ecau f u g — Owcmpo yowsarowue Gynryun, mo 0ias sobols Kom-
naekcHuT wuces a u b dynxyus af + bg asasemes bvempo yoviearouet.

dokazaTeqbcTBo. To, 9T0 nuHeiiHAsS KOMOMHAIMA ABYX OECKOHEYIHO
nuddepentmpyeMbix GyHKImi DeckoneuHO audbepeHImpyeMa — XOpOIIo
u3BecTHO. HepaBeHCTBO XKe, yIacTBYIOIIEe B ONPEISIeHIN 3, HEMOCPEICTBEH-
HO BBITEKAET U3 CAMBIX OOIIUX CBOWCTB CympeMyMa (DYHKIIUH:

sup [22D%(af +bg)| = sup |az®DP f(z) + ba® D g(a)]| <
zER™ zER™

< la| sup
zeR”

D f(x)| + |b| sup |2*DPg(z)| < +oo.
z€R™

2) Ecau [ — 6oicmpo yovearouas Gynkyusa, mo 0t 4106020 Mysomi-
undexce o pynrxyus D f maxoice asasemes 6viempo ybuiearoued.

JokaszaTenabcTBo. Jliobas npousBonnasa Geckornewdro mnuddepeHiupye-
Mot pyurmun aBiagerca beckoneuno muddepennupyemoit dpyukimueit. Ilo-
sromy D f — Geckoneuno nuddepeHiupyema.
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C apyroit cropoHsbl, nOCKOJbKY f — ObicTpo yObIBaIOIIas, TO, COrJIac-
HO OIpeNesIeHnio 3, s JIOObIX MYJIbTHHHIEKCOB ( U Y HalIETCs TOCTO-
aunas Cp ., Takad, aro |tP D7V f(z)| < Cp, ana Beex z € R™. Ho Torma
|z DYDY f(z)]| = |2° DV f(2)] < Cpapy < +00 as Beex € R™. A
suaaaut, D f — ObicTpo yObIBaOIast (hYHKITHS.

3) Ecau [ — Ovicmpo yooearouwas Gynkyus, mo 0t 4106020 Mysomu-
underca o Pynukyus xf asasemea bviempo yovearouet.

JokazareabcTBo. 13 u3BecTHoil BaM U3 KypCa MaTeMaTHIeCKOro aHa-
sm3a, popmysnsr Jleiibana qya nponseenennst GyHKIUIT

CITIESTYeT, UTO
D% (u-v) = Y CHD ) - (D),
BLa

rue C’g — HEKOTODbIe nocrosinabe. [loaromy

(@0 f(2) = D KD,

o<y

TIe Kfi — HeKOTOphie ocTosHHble. CegoBaTeanbHo,

|27 D7 (a* f(x))] < D |KS)] sup |2 I(DT f(x))] < oo,
6<y

MTOCKOJIbKY Ka¥KJI0€ CJIaraeMoe B MOCJeIHeH CyMMe KOHEUHO BBULY TOTO, YTO
f 6pICcTPO YOBIBAET, & YUCIO CAATAEMBIX KOHEUHO.

4) IIpoussederue bricmpo youeaowet GyrKUuUL Ha MHOZOUAEH €CTNL (Y-
UUA OBLCMPO YObLEAIOUYAA,.

Jloka3aTeJabCcTBO HETIOCPEICTBEHHO CIIEAyeT U3 CBOHCTB 1 u 3.

3amMeTuM, 4To, COrJIACHO CBOMCTBY 1, COBOKYITHOCTBH BCEX ObICTPO yObIBA-
omux (GyHKIHi, 330aHHBIX B mpocTpancTee R™, ofpa3yer BEKTOPHOE TPO-
CTPAHCTBO OTHOCUTENIHHO OOBIYHBIX OMEpaIii cioxKeHsa (DYHKIUN U yMHO-
keanst (bYHKIUE HA 9UCIO. DTO MPOCTPaHCTBO obo3Hakaror [wepes S(R™)

nm S(R™).

3agaun

Cunras a u f MyJIbTURHIEKCAMH, IOKAXKUTE CIELYIONINE « MHOTOMEPHBIE
BApUAHTHI» M3BECTHBIX BaM (OPMYI.

57. Bunom Hbrorona:

(z+y)" Zﬁ'a— Py P,

B<La



rae z,y € R™.
58.

59. ®opwmyna Jleiitbunia:
= 3 G (DD ).
B<La
rae f u g — mocraro4yHo ruagkue pyHknun B R™.
60. Dopwmymna Tefimopa:
yOt
fla+y)= D (D @)= +r@lyl™,
|a|]<m

rae z,y € R" a f ur — dyukoum 8 R™, npuuém r(y) — 0 npu y — 0.

61. TIposepsre, uro dyuknus e~ (a > 0), kax u Bce eé npouspo-
HBIE, OTpeIeIéHHbIe pU & 7 0, yObIBaeT Ha GECKOHEUHOCTU OhICTpee JII000H
CTEMEeHN TTePEeMEHHOM T U, TeM He MeHee, 3Ta (DYHKIIUs He SBJIIeTCs OBICTPO
yOBIBAIOIIIEIA.

§ 8. IIpeobpaszoBanne ®Pypbe O6BICTPO yOBIBAIOIITNX (DYHKIIHUMA

Onpenenenue. Bricrpo yosiBaromeil dyukuun f : R™ — C conocraBum
JiBe HOBbIe (DYHKITHH

flo) = Cr)y 2 [ faje o do

u
v .
f =0 [ faeren i,
n
rae (x,y) Z Z;y; — CKanapHoe mpousBedenwe B R", a i — MHEMad
eJIMHATIA. B

[Ipeobpaszosanue, nepesojsinee GYHKIMIO f B (DYHKIUIO f, Ha3LIBAECT-
csa npamvim npeobpasosaruem DPypve n obozuagaercs geped F . Ilpu sTom
camy (PpYHKITHIO f = F.[f] masemaror npamvim npeobpasosanuvem DPypve
by f.
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Vi
Anajiornuno npeobpasosanue, nepepoidiiee f B f, Ha3bIBaeTca 06pam-
HotM npeodpasosaruem Dypve n obosuadaerca depe3 F_. [lpu atom pyHK-

Vv
muto f =F_[f] naspiBator ob6pammuwim npeobpazosanuem Pypve GyHKIUM
OTMeruM, 9TO MHTErpaJsbl, 33JaI0IIHe IpsMoe W 00paTHoe Ipeodpaso-
Banug Dypbe, ABAAIOTCSI CXOIANUMUCS, TTOCKOIBKY MOIYJIb KCIOHEHTHI C
9HUCTO MHUMBIM TIOKA3aTeNeM PABEH eIUHUIE W s J10boro p > 0 6bcTpo
yoObiBatomas GyHKUUs f I0IYyCKAeT OLEHKY

@) < —<

< —
1+ |x|p
CIPaBEJIBYIO0 ¢ HEeKOTOpoit nmocrosiuHoil C' < +o0o mis Beex @ € R™. 3Ha-
9UT,

(o C
|f(2)eT V] = | f(2)] < T4z’
a, KaK M3BECTHO U3 KypPCa MATEMATHIECKOrO aHAJIN3a, [TOCAeAHAs (DYHKIMA
MHTErPUpPyeMa [0 BceMy mpocTpaHcTBy R", eciii TOJBKO p > n.

OrmeruMm Takxke, uTo npu n = 1 ompenesenne mpeodbpasopanust Pypbe,
JAHHOE B HACTOSAIIEM Taparpade, COBIAIaeT ¢ ONpPene/IeHueM, TaHHBIM Da-
Hee B § 5.

Paccvorpum nanbosee ynorpeburenbHbie CBOHCTBa npeobpasoBanna Dy-
pbe ObIcTPO yObIBAIOIINX (DYHKITHIH.

1) Ilpeobpasosanue Pypve aunetino, mo ecmv das amobwz a,b € C u
mobux [, g € S(R™) enpasedauen pasencmea Fylaf+bg] = aFy[f]+bF1[g].

Jloka3aTeJabCTBO HEMEJIEHHO CIEAYeT U3 JIMHEHHOCTH WHTErpasa;

Fylaf + bgl(y) = (2m) ™2 / [af(z) + bg()] T di =
Rn,

= a(2n) 72 [ f(2)eT @Y de + b(2m) V2 | g(z)eT @Y do =
]RZ R[
= aFy[f](y) + bFx[g](y).

2) Tas 4106020 myavmuunderce o u 40000 Oviempo yooearowets @yrk-
yuu f cnpasedausb. pasercmen

Fila®f(x)] = (£0)1*1D*(FL[/]).
,D;OKaBaTe.IIbCTBO BbITEKACT U3 CJACAYIOMEro BLIYUCICHUA:

D (Falfiw) = D [(%)n/l[ T ] =
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= (uuddepenuupyem 101 3HAKOM UHTErDAJIA) =

IlelpFi(zryr+-+znyn)
:(277)*n/2/f(x17...,xn) gyfl...ayzn dzy ... de, = (27)""?x
RT?

X /(:Fixl)"“ oo (Fixn) f (21, .. ,xn)ey(mlyl"'“*m"y”) dxy ...dx, =

Rn

- (q:i)|a|(27r)*”/2 /xaf(x)e:“(z’y) dx = (:Fi)la‘Fi [z f(2)](y)-
R

Jlis1 3aBepitienns JOKA3ATEMbCTBA HAM OCTAIOCh OO0CHOBATH 3aKOHHOCTD
g depeHnnpoBanns MOJ 3HAKOM WHTerpasa. g 3Toro, Kak m3BECTHO,
JIOCTATOYHO yOe[IUThCd B HAJIMYUU MHTErPUPYEMON MAXKOPAHTBI JIJIsl IIPO-
n3BomHON x — zf(x)eT®Y) o1 ero nomsmTerpamnHol Gy, Takas
MayKOPaHTa, IefCTBATENBHO 0e3 Tpyda MOXKEeT OBITh yKa3aHa, HAI0 JIWIIb
OPUHATH BO BHUMaHUe, 4T byHkms ¢ — z° f(z) aBusercs ObicTpo yObI-
BaroIeil, a MOIY/Ib 9KCIOHEHTHI C TACTO MHUMBIM MOKA3ATEIEM DABEH €J1d-
HUTIE:

2 F(@)eF ] = 2 (@) < 1
1+ |zP
r7e B KAYeCTBE P CAeAyeT B3sTh J000e Inciio, 66abimee n.

B nmanbreitiem MbI He OyIeM JeTaabHO OOOCHOBBIBATH 3aKOHHOCTDH OIIe-
panumii, KOTOpbIE HAM MPUIETCS MPOU3BOANTE IO/ 3HAKOM UHTErPaJIa, OCTAB-
Jisisi COOTBETCTBYIOIIME BOMPOCHL uuTarento. [Ipuarna kpoercst B e 1uHO0O-
pa3uu MOMOOHBIX PACCYKIAEHUH: KAXKIBIH PA3 PEIaroliy0 PoJib UTPAET Ha-
JINYHE HHTEMPUPYEMO MayKOPAHTHI Y HEKOTOPOT'O BBIPAYKEHHU; CAMa YK€ Mar
KOpaHTa KazKObIH pa3 cTpoutcsa 6e3 mpobieM, MOCKOIbBKY MbI paboTaeM C
OBICTPO yOBIBAIOIUMY (DYHKITHASIMH.

3) JTas 106020 mysvmuunderce o u 40600 Goiempo yowearowets @gyrx-
yuu f cnpasediuss. pasencmea

Fi[D*f(2)|(y) = (Fiy)* (F.f)(y).
Jloka3aTeJbCTBO BBITEKAET U3 CAEAYIONUX BBIYUCIICHUMN:

FL D" f(@)(9) = ()" [0 f (@) do =

R
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=(upeBpaiaem KpaTHbLil MHTErPaJl B HIOBTOPHbLI, BbLIEJIsS B KAYECTBE BHY-
TPEHHEro OJHOMEPHBINA MHTErpaJl Mo NEePeMeHHO 1 )=

400
la| -1 )
:(2#)_"/2 /{/ 2 [ _16 / }ey“yl dxl}x
Ozy [0z~ 0292 ... Oz

Rn—1 —o0

w e Fi@2y2++Tnyn) dag ... dzy. (25)

[Ipumenss K BHyTpeHHeMY HMHTerpajy (OpMyJy MHTErPDUPOBAHUS IO Ua-
CTAM, [IOJIy4YaeM JJis Hero Cjelylollee BbIparKeHHe:

—+oo
olel f , Foo olel=1f ,
Fir1y1 _ ($2y1) e¥1w1y1 d.’l?l
a a a — ’ :
0x10x5? ... 0xn" o D 1oxs? . dxr
— 00

[Mockosbky dyurius f — ObICTPO YOBIBAIOIIAS, TO BHEMHTEIPAJbHBIE CJIa-
raemble 3aHyag10Tcs. [T09ToMy MbI MOXKEM TIPOJIOJIKUTL PABEHCTBO (25) cJie-
AYIOIIIM 00pa3oM:

|a]—1
ED" @)l = i) o) ? [
R’VL

o T e T &EY) g
1 x5? ... 0xn

Takum 06pa3oM, HAM yIAJIOCH TTOHU3UTH TOPSIOK AudHEepeHInpOBAHMS
O TIEPeMeHHON T1 Ha €IMHUILY, HO [IPX ITOM W3-TIOJ 3HAKA WHTETrPAJIA «BbI-
CKOYMJT» JTOTIOJIHUTE/IbHBIN MHOXKHUTENb +1y;. [Ipumenss nmomxobube paccy-
2KJIEHWsT MHOTOKPATHO K KAXKIOW U3 IePEMEHHBIX X1, X2, - . . , Ly, MBI MOXKEM
[IOJIHOCTBIO M30aBUTHCSI OT HPOu3BOAHBIX GyHKIuU f. IIpu 3roM mosyunm

FL[D®(2))(y) = (i)™ ... (Fiy,)* (2m) /2 / F(@)eT @D dg =
Rﬂ

= (Fiy)“F[f(y)-

CeoiicTBa 2 1 3 MHOTIA BBIPAXKAIOT CJIOBAMHU, TOBOPS, 9TO IPEO0OpPa30Ba-
nue Pypbe nepesojur (€ TOUHOCTHIO O LOCTOAHHOIO MHOXKUTEJIs) Olepa-
U0 YMHOXKEHUST Ha HE3ABUCUMYIO ITEPEMEHHYIO B oneparuio auddepeHim-
pOBaHUST U HAODOPOT.

4) yems A — neevipoorcdennasn n X n-mampuua, b — n-meprudi exmop
u f:R" — C — 6uecmpo ybwearowas ynxuus. Tozda

Fi[f(Az +b)](y) = |det A| 71 @A D R [f(2)] (A7) *y).

Bnech A~ oboznadaer marpuiy, obparayio K A, a (A~1)* obosHauaer mar-
puiy, conpsaxénnyio Kk A7l T. e. Takyio (eIHHCTBEHHBIM 0OPa30M OIpe-
JIEJIEHHYI0) MaTpPUlly, 9T0 jld JoObIX BeKTOpoB u,v € R™ cupasemyiuso
paserctro (A~ tu,v) = (u, (A71H)*v).
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Jloka3aTeJIbCTBO HEIOCPEICTBEHHO CjeayeT u3 (POPMyJsibl 3aMEeHbL Iie-
PEeMeHHOI B KpaTHOM WHTerpaJe:

Fulf(Az +0)() = (2m) 72 [ f(de+ 57 do =

=(nmenaem 3ameHy mepemeHHbIX Ax + b= z)=

= (27r)—n/2/f(z)eﬂFi(A’lz—A”bwndetA\—ld,z:

R™

= | det A|fleii(y’A‘1b)(2ﬂ)fn/2/f(z)eﬂFi(z,(A‘l)*y) dz =
Rﬂ

— [det A1 ATY By [F()] (A1) "),

CaoiicTBO 4 MOKa3bIBaET, KaK MeHgeTcda npeobpaszoBanue @yphe, KOraa B
UCXOMHON PyHKIUK JeJIAeTCs JIMHEHHAsT HEBBIPOXKICHHAS 3aMEHa, [IEPEMEH-
HbIX. Huxke MBI TpUBOAUM J1Ba HaUbOOJEE YACTO UCIONb3YEMbIX CJIEICTBUS
cBoOficTBa 4.

5) Ecau f: R™ — C — boiempo yowsarowan dynkyus, a ro € R"™, mo

Fi[f(z — z0)](y) = eT" @™ FL[f](y).

Jloka3aTeabCTBO MOXKET OBIThH TIOIYUYEHO HEMOCPEICTRBEHHBIM TTPUMEHe-
HHEeM CBOWCTBa 4 JJid caydasi, Korga A — equHudHas Marpuna, a b = —xg.
OTMeTHM TOTLKO, uTo Tipi 3ToM A~ = (A™1)* TaksKe ABIACTCH eIMHUTHOL
MaTPHUIIEN.

CaoiicTBO 5 M3BECTHO B JIUTEpATYpE Kak Teopema o capure. CiaoBamu eé
dopmynupyioT Tak: mpeodbpasosanne Oypbe MePEeBOINT CABUT 10 APTYMEHTY
B CIOBUT TIO ase.

6) Ecau [ : R" — C — Guiempo ybvisarowas Gynkyus, a a — OMAUYHOE
01 HYAA BEULELCTNBEHHOE WUCAO, THO

Felf(a)(s) = el (2).

Jloka3aTesabCcTBO OIsiTh MOXKET OBITH IMOTyY€HO HEITOCPEICTBEHHBIM [TPHU-
menenunem csoiictBa 4. Ha stor pa3 BekTop b Hajo cuurarh paBHBIM HYJIIO,
a Marpuny A — IMArOHAJIBLHON, Y KOTOPON HA IJIABHONW JWATOHAH CTOHT
HUCJIO a:

a 0o ... 0
A— 0 a ... 0
0 0 a
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IIpu srom det A = a™ n

a sragnrt, (A™1)*y =y/a.

CaoiicTBO 6 OOBITHO HA3BIBAIOT MPABUIOM HW3MEHEHWsT MACIITA0A.

7) Kax npamoe, max u ofpammnoe npeobpasosanue Pypove nepesodum npo-
cmpancmeo buiempo ybusarowur yuryul 6 cebs. Ipyrumu cioBamu, Ka-
koBa Obl Hu Gbuia dyuxua f € S(R™), obe dynkuun Fy[f] npunamiexar
S(R™).

HokasatesbeTBo. CymecTBOBaHAE BCEX TPOU3BONHBIX ¥ byHKmit Fy [ f]
y7Ke YyCTAaHOBIEHO B cBoiicTBe 2. [I03TOMY [OCTATOYHO TIPOBEPUTH JIHIID TO,
40 s MOObIX MyabTuuHiekcos « u 3 dynxuusa y — [y*DPFL[f(z)](y)]
orpanmvena B R”. JIyist 9T0T0, B CBOIO 0YepeIh, JOCTATOTHO YOEIUTHCS, ITO
9ra GYHKIMSA CTPEMUTCS K HYJIIO TIPH Y, CTpeMsiieMcs K 6eckonednoctu. Ho
ecsi BEKTOP Y = (Y1, - .., Yn) CTPEMUTCH K GECKOHEYHOCTH, TO XOTsl OBl OJIHA
W3 ero KOMIIOHEHT CTpeMuTcs K Geckoneunoctu. He orpannyanpas obHocTH,
MOXKEM CYUTATh, YTO UMEHHO ¥, — +00.

Cornacuo coiicTBam 2 u 3 ObICTPO yOBIBAOIIUX (DYHKIWHA, DYHKINSA T +—>
D% (2P f(x)) sasercs GuicTpo yopBaromei. O6ozHaumM eé uepes g. Tora
MOKEM HAIUCATD

D@0 = 1P lo@]0)] = 20 [ gty ds

R"L
— (27r)_”/2‘ / eTi@1y1t+Tn_1yn—1) (26)
Rn—1
+oo
X [/ g(x1,. .., zp)eTnYn dmn} dry...dx,_1].
— 00

IIpu puKCHPOBAHHBIX 3HAYCHUSIX TTEPEMEHHBIX L1, - - . , Ly 1 QYHKIAS Ty —
g(x1, ..., Ty) ONHOrO BEIMECTBEHHOTO IIEPEMEHHOTO Iy, ABIACTCA OBICTPO YOBI-

Batoreit. B wacTHOCTH, OHA MHTErpUpYeMa Ha BCeit 9uciaoBoit mpsimoii. Cie-
JIOBATeNbHO, yCJIo0BHsT JeMMbl Pumana — Jlebera /ij1st 66CKOHEYIHOTO TpoMe-
JKYTKA, BBITIOJHEHBL Jjisi MHTEerpaJia, crodimero B dhopmyse (26) B ksaapar-
HBIX CKOOKax. 3HAYMT, CAM ITOT MHTETPAJ CTPEMUTCS K HYJIO MPH Y, —
+o0o. Ilepexons B dbopmyrne (26) k upeneny upu y, — —+00 HOJ 3HAKOM
(n — 1)-mMepHOTO MHTETpAaNA, BUANM, 9TO BCE BBIpazkeHue (26) ctpemMuTcs K
HYJIIO TIPA Y, — +00.
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8) Jas a060t 6uempo yowsarowetd gynkyuu f : R™ — C cnpasedausn
pasencmea F[F_[f]] = f uw F_[Fy[f]] = f. Jpyrumu ciaoBamu, nocie-
JOBaTeIbHOE TIPUMEHEHUE MPSMOro u obparHoro mnpeobpasoBanuit Oypne
ue namenser ¢yuruun. CpoitctBo 8 HazbBaoT Popmysioit obparenus mis
npeobpazoBanng Pypne.

dokazaresabcTBo. [Ina n = 1 popmyna obpalreHns y2Ke yCTaHOBIIEHA,
Hamu B § 5.

Jokaxxem opmyny FL[F_[f]] = f ama n = 2:

F+[F,[ 271- // yl,yz)e_i(“’ller“yZ) dyrdys =

1 . )
_ (27T)2 // [/ f(t17t2)e+l(t1y1+t2y2) dtldt2:| e~ HzTy1+T2y2) dyrdys.
R2 R2

IMonwp3ysace Tem, uro f — GbicTPO yObIBaOWIAA (DYHKIMSA, M3MEHUM IOPII0K
WHTETPUPOBAHUS:

PP [fl)w) = 5 [ [ ettt

R2

(e [l e

Briparkenwne, crositiiee B GUTYPHBIX CKOOKAX, MPEICTaBIsgeT OO0 OmHO-
MepHOe ([IOCKOJIBbKY fo HE yYaCTBYeT B MHTErDUPOBAHUM U BBIIOJIHAET POJIb
napamerpa) ofparaoe npeobpasosarne @ypre dyuxumn t; — f(t1,t2) oa-
HOTO TIepeMeHHoro t1. Kpome TOro, BhIpasKeHue, CTOSAIIee B KBAAPATHBIX
CKODKaX, TpecTaBisierT coboil OmHOMEpHOe IpsiMoe peobpazosanre Oypobe
oT (DYHKIMH, 3aMMCAHHON B (QUTYypHBIX CKOOKax. IlosTomy, HA ocHOBaHWM
OTHOMEPHON (HOPMYITbI 00pAINEHHUsI, 3aKII0YAEM, YTO BbIPAXKEHHE B KBA/I-
paTHBIX ckOOKax pasHO f(z1,t2). CregoBarensHho,

1

mmww:—ﬂEMWwwmmmm.

2
]RQ

Tlocnennwit maTErpasa mpeodpasyeM mom00HO TOMY, KaK MbI IOCTY AN PAHD-

Iie, T. €. IPEeBPATHM KPATHBIM MHTErPAJ B MOBTOPHBIH, PA3LIISIAM TaM O/l-

HOMEpHBIE TIpsSMOe M obpaTHoe mpeobpazoBanus Pyphe W BOCTIOIH3yEMCs
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omHOMEpHOM dopMyToit obpaleHus:

+oo

F+[F,[f]](x):f /{m/thtz) +”2y2dt2} TR dyy = f(x).

Tem cambv paserctso Fy[F_[f]] = f noxasano mpm n = 2. Ero moka-
3aTeJIbCTBO B OOIIEM CJIyvae, PABHO KaK M JTOKA3aTEIbCTBO BTOPOTO DABEH-
crea F_[Fy[f]] = f, npoBonurcs coBepineHHO anajorudto. 11o3roMy Mbl ux
OILYCKAEM.

Sagaua

62. Jokazxure, 410 npeobpasosanue Oypse bynxmun 2 — e?l (a > 0)
beckoneuHo MuddHepeHIupyeMo Ha, BCeil YUCIOBOIM TIPSIMOIi, HO He SBJISIETCS
6bIcTpO yOBIBatomeil byHKIHeid.

§ 9. PasencrBo IlapceBass

Teopema (pasencrso [apcesass). Jas 41066z 6o.cmpo yousaowur Gymk-
yut f,g: R™ — C cnpasedauso pasencmeso

/f da:—/f dm—/f 0 (2)

2de wepma, Kax 00BLYHO, O3HANAET KOMNALKCHOE CONPAANCENUE.
JokazaTesabcTBO pa3obbéM HA TPU JTAIA.
Ha nmepBoMm sTame ycraHoBUM DaBEHCTBA

/f(x) dx—/f 2)de u /f dxz/f(x)é(a;)dx

R?l R?L R'VL
TO eCTh TMOKAKeM, ITO CHMBOJIBI IIPAMOrO 1 obpaTHoro npeobpaszosanud Dy-
Pb€ MOXKHO IIEPEHOCUTD € OJHOIO COMHOXKHUTEJST HA JPYTOH [0/ 3HAKOM WH-
Terpasa.

Yrobbl yOEIUTHCS B 9TOM, JOCTATOYHO, MOJIB3YACh TeM, 9YT0 (GyHKImuH f
u g — OBICTPO yOBIBAMOIINE, U3MEHUTD MOPSTOK WHTErPUPOBAHUS:

/ Flajgta) dn = | [(277)—”/2 [ e dy]g@:) dr =
Rn Rn
-/ [(2@-"/2 [t dm]ﬂy) d= [ 1w dy
R’IL

Rn R"L
Bropoe paBeHcTBO, COCTABIISIOIIEE [TEPBBIH ITAI, JTOKA3BIBAETCS AHAJIOTHY-
HO.
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Ha Bropowm sraie ycTaHOBHM PABEHCTBA,
= Y A
f=f wm f=1/
TO €CTh MMOKAYKEM, UTO MPU «OIMYCKAHUN» KOMILJIEKCHOT'O COMPSI)KEHUS TIPsi-
Moe u obparHoe mpeobpazopannsg Pypbe MEHAIOTCS POJISMH.
B camowm gene, mosib3ysach TeM, 9TO KOMILIEKCHOE COMPSAXKEHHUE OT MPO-

N3BeIeHNsT KOMIIJIEKCHBIX UYNCe PABHO MTPOU3BEIEHNIO X KOMIIJIEKCHBIX CO-
NPAXKEHNH, TMeeM

T = 2m=rr2 [ fa)emson do = 2m) 2 [Tt o0 do =7 (1),

R R”

Bropoe paBeHcTBO, cocTaBJisiioliee BTOPOH 3Tall, JOKA3bIBAETCH AHAJIOTHY-
HO.

Hakomer, Ha TperbeM 3Tame I0KaykeM COOCTBEHHO paBeHCTBO IlapceBa-
ng. JIad 9Toro mocaegoBaTeIbHO BOCIONb3yeMca (hOpMyaoH obpalneHus u
pe3yJIbTaTaMU IIEPBBIX JIBYX ITAIOB JOKA3ATEIbCTBA!

/f dx—/f @ o= [ Fa) 3 (2)do = [ Flofie de

R~ R R"

Bropoe papenctso [lapceBasnst moka3biBaeTcs aHAJIOTHIHO.

3agaua

63. Iycte p(x) m Y (p) — GercTpo yOBBarOIme GDYHKINH BEMECTBEHHBIX
IEePEeMEHHBLIX T U P COOTBETCTBEHHO, IIPHYIEM IIYCTDb 1) ABJAeTC npeobpaso-

sannem Dypve or ¢ (r.e. ¥ = @) u [ |p@)|*dz = [ |[¢(p)|*dp = 1.

o0 — 00
B Takom caygae dbyrxman |p|? u || MoxHO paccMaTpuBaTh KaK MLIOTHO-
CTH pacupeneseHns BEPOSITHOCTEH CaydaiHbIX BETUYHH £ U P. B KBAHTOBOI
MEXAHUKE [OKA3BIBACTCS, YTO COOTHOLIECHHE 1) = § IIO3BOJIAET HHTEPIPETH-
POBATHL CIyYAHBIC BEIMYWHLL & W P KAK KOOPAWHATY W UMITYJThC KBAHTOBOM
YACTHUITBL.
(a) TTokaxkuTe, YTO CABUIOM 110 aAPryMeHTY (T. €. CIelMalbHbIM BHIOOPOM

+oo
HavaIa 0TCuéTa) DYHKIMU ( MOXKHO, He n3Mensis semmuunnl [ [o(z)]? dz,

—0o0
—+oo
nostyuuth HOBYI0 dyHKIMIO ¢, 1 Koropoit Mi(¢) = [ z|p(z)[*dz = 0,
—o0

T. €. TAKYIO, YTO eé MaTeMaTNIYecKoe OZKNITAHNE PABHO HYJIIO.
38



(6) Iokaxkure, 4TO AHAJOIMYHBIM CABUIOM 10 aprymMeHTy (yHKuuu

—+oo +oo
MoxkHO, He Hapymas pasencts My (p)=0u [ |p(z)?dz= [ |[¢(p)|* dp=1,
— 00 — 00

“+o0
nobuthes Toro, uro My (¢) = [ pl(p)|? dp = 0.
— 00

(B) Y6emutech, uTo aucnepcns (CpeaHeKBaIpaTHIHOE YKIOHEHHE) 02 =

oo
[ (z — z0)?*|p(z)|* dz cayvaiinoil BeuvMHbI T € IIOTHOCTBIO PACIIPE/IEsTe-
— 00
+oo
uug |¢(x)|? u maremarnieckum oxunanuem ro = Mi(p) = [ z|p(z)]* dx
— 00
+oo
npescrasaserca B suje 02 = Ma(o)—ME(p), tne Ma(p) = [ 22|p(x)|? dz.
—0o0
—+oo
(r) Pacemorpure Bemunny [ [tzp(z) + ¢ (2)|? dz, xoTopast, ouesumHoO,
—o0
HEOTpULATENbHA IPK JI060oM 3Hadenun napamverpa t € R . Omupasce na
pasenctro [Tapcesans n bopMyy mis HaxOKAeHUs npeobpasosanus Oypbe
OT MPOM3BOHOM, BbIBEMHTE, uTO 2 Ma(p) — t + Ma(1h) > 0.

(m) IMonyuure u3 (r) coornommenne Msy(p) - Ma(y) > 1/4.

DTO COOTHOIIEHNE MOKA3BIBAET, UTO I€M OOJIEE «COCPEJOTOYIEHA» CaMa
dbyuKIHA, TeM OoJjiee «pa3MbITO» €€ mpeodbpaszoBanne Pypbe um 0OpaTHO.
B KBaHTOBOII MEXAHWKE 3TO COOTHOIIECHUE HA3BIBAIOT TPWHIIUTIOM HEOIpEe-
nenérnocTH Leiisenfepra U WHTEPIPETUPYIOT B TOM CMBICAE, 9TO HETb3s
ONHOBPEMEHHO TOYHO W3MEDPHUTh M KOODJWHATY KBAHTOBOH HYACTHUIIBI, U €&
MIMITYJTBC.

§ 10. Cséprka ObicTpOo yObIBatommux yHKImMI

Kaxabim aBym ObicTpo yobiBaromuM yukuuaM f, g : R — C conocra-
BuM HOBYIO pyHkuuto f * g : R® — C, HazbiBaemyo ceépmxoti Gyukuunii f
U g U 3a7aBaeMyto HpopMyIoit

(F+9)@) = [ o= v)aty) dy. (27)
R?L
IMockonbky Gyukuun f 1 g — 6bICTPO yOBIBAIOIIME, TO CXOAUMOCTD 3TOIO
uHTErpaia odesuana. Muorma rosopar, uro (27) 3am1aér cBEPTKY JIOOBIX
(He 06st3aTeNbHO OBICTPO yOBIBAIOIINX) (DYHKIUH, i KOTOPBIX UHTErPAJ,
CTOANINAN B MTPAaBON YaCTH, CXOAUTCH.
Paccvorpum Hambostee BaXKHBIE CBOHCTBA CBEPTKU OBICTPO yOBIBAIOIINX
byHKITIT.
1) Ceépmmxa xommymamusna: [ xg=g* f.
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Jloka3aTeJIbCTBO HEMEJIEHHO BbITEKAeT u3 (DOPMYJ/ibl 3aMEHbl Iiepe-
MEHHOU B KpaTHOM WHTEerpaJe:

(f * 9)a /ff— -

=(cmenaeM 3aMeHy T — Yy = 2)=

— [ #G)gte~ 2z = [ gl = 21()dz = (g Pla).

R™ Rn

2) Csépmxa accoyuamuena: (f * g)xh = fx(g=*h).

3) Ceépmxa suneting no Nepeomy apeyMenmy, mo ecmv 0ai 06T KoM-
naexcnulr wucen a,b € C u amobwx boiempo ybwsarowur gywkuud f,g,h
enpasedaueo paserncmeo (af +bg) xh =a(f *g)+b(g=h).

JokazareabcTBa CBOMCTB 2 M 3 CTOJIb Ke MPSIMOJIHHENHBI, KaK W MPHU-
BEJIEHHOE BBIIIE JOKa3areabcTBo cBoiicTBa 1. [osromy Mbl ocTaBisiem wx
YUTATE/I0 B KAYECTRE yIPAKHEHUH.

4) JTas 06020 mysvmuunderca o U s06ux 0oicmpo yooieaouwus Gymx-
yutl f,g cnpasedausn, pasencmea D*(fxg) = (DYf)xg = f*(D%g). Hpy-
TUMH CJIOBaMHM, ITOOBI TpoandHepeHnmpoBaTh CBEPTKY, MOXKHO CHAYAIA
npoanddepeHnupoBaTs a00y0 n3 PYHKIHHA, a 3aTeM CBEPHYTb PE3yIbTaT
¢ Apyroi pyHKIMEH.

Jloka3aTeJabCcTBO OMUPAETCA HA BO3MOXKHOCTH UMb dEPEHITUPOBAHUS 110
mapaMeTrpy MHTErpasia OT ObICTPO yObIBatoOIel byHKIUN:

D (frg)(a / fa—y)g / (D f)(a—y)g(y) dy = (D f)xg)(x).

Bropoe cooTHOIeHNE 13 CBONCTBA 4 BRITEKAET U3 yIKe TOKAZAHHOTO BBHU-
ny koMMmyTarupHocT cBEprku: D(f x g) = D%(g x f) = (D%g) x f =

f*(D%g).
5) Filf = g] = (2m)"/2FL[f] - Fx[g].
,Z[OKaBaTe.IIbCTBO.

Felf + g)(z) = (2m) /2 / (F + )T @D dy =

Rn

—en 2 [| [ 5= gtz e ay -

R Rn
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=(U3MEHUM LIOPsIOK UHTEIPUPOBAHUS) =

—en 2 [| [ 1= 2965 gt a: =

R” Rn

=(BO BHYTDEHHEM HMHTErpaJie CIeJaeM 3aMeHy HMePEeMEHHON y — 2z = t)=

= (27T)_”/2 { f(t)ejFi(’“"t) dt} g(z)eﬁ’(“"z) dz =
1

=(BHYTpeHHUI HHTErpaJI He 3aBHCUT OT IEPEMEHHOM z; BBIHECEM ero M3-TI0
3HAKA BHEIIHEr0 MHTErpasa,)—

— (2m)"2 [(271')_"/2 / F(H)eFin dt] - {(%)—"/1[ g(2)eF) dz} -

R”

= (2n)"*Fi[f)(z) - Fi[g](2).

6) Fi[f - g] = (2m) "/*Fy[f] * F[g).
JokaszaTenbcTBOo. BoiBesem cBoiicTo 6, cooTBETCTBYyOMIEE BRIOODY BEPX-
v

HUX 3HAKOB, U3 CBOMUCTBA 5 1 (hOPMYJIBI OOPAIEHHUS: TIOACTABUB B 5 f BMecTO

\%
f u g Bmecro g, Oymem umeTrh

Fo[f 8] = @n)"2F,[f] - Fo[d] = 2n)/2f - g.

IIpumenus K 06erM JacTaM mocaeaHel GopMy bl 00paTHOE TPeodPA3OBAHIE
Oypbe, MOTYyINM

Vv

[ 9= F_[FLIf + 9] = (2m)"/2F_[f - g]

F_[f -g] = (2m)"/?F_[f] » F_[g].

Dopmysa, COOTBETCTBYONIAs BHIOOPY BEPXHUX 3HAKOB, JIOKA3BIBAETCS aHA-
JIOTHYHO.

CaoiicrBa 5 u 6 03Ha9aIOT, YTO NIPeodbpazosanue Pyphe nepeBoauT (¢ TOY-
HOCTBIO JI0 TIOCTOSTHHOI'O MHOXKUTEJIs) CBEPTKY B IPOU3BEICHNE U HAOOOPOT.
Hanwawne Takoit nBoiicTBEHHOCTH OObSICHSIET BayKHOCTH ONEPAIMHA CBEPTKU:
€ TOYHOCTBIO 70 mpeobpazoBanus Pypbe HAM 0e3pa3IMIHO, TIEPEMHOKATH
GYHKIMM WU CBOPAYUBATE WX.
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3amaun

64. ITycrs 9 — Bekrop u3 R™. Oneparopom casura B S(R™) Hazosém
0TODpAXKEHNE, COMOCTABJISIONEe KaxK o ObicTpo yobiBaoomeit Gyukmun f
HOBy®0 ynkmio T, f, onpenensemyto dopmynoit (T, f)(z) = f(z — x0).
JlokazkuTe, 9TO AJj1d JIIOOBIX OBICTPO yOBIBAIOMINX (DYHKIMI CIIPaBEIIUBBI
pasercrsa T, (f x g) = (Tao f) * g = [ * (To9)-

B crnenyromux 3amadax BEIMUCIUTE CBEPTKY, cuuTad, 910 H — pyHxiua
Xesucaiiga, T. e. uto H(z) =0 gna ¢z < 0w H(x) =1 gna x > 0.

65. H(z) H(z).

66. H(z)+* H(1+ ).

67. H(1 —2?)x H(1 — 2?).
68. z* (v2H(x)).

69. H(z)* (H(z)sinz).

70. (22H(z)) * (H(z)sinz).
71. (¢3H(z)) * (H(z)cosz).
72. (H(z)sinz) * (H(z)sh z).
73. e" ol x e~ lol,

2

74. e % (ze=%"), a > 0.

B cnenyiommux 3a7auax IOKaXKUTE PABEHCTBA, CIUTAs TAPAMETPHI G u b
[IOJIO?KATEJIbHBIMU.

5. fo*x fo = f\/m, eciu fo(x) = a*1(27r)’1/2e*752/2“2.
76. fo* fo = farp, ecmm fo(z) = ar—t(a® +2%)~ L.

7T fa * fb = fa+b7 ecim fa(x) = ‘raileiawH(x)/r(a)'
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§ 11. Popmyia Ilyaccona
Teopema (popmyaa [lyaccona). Ecau f : R — C — 6uempo yoviearousan

Pynryus, mo
vors Z f(2mn) Z f

n=—oo n=—oo
JoxkaszateabcTBo. Mbl mokaxkem, 4To a1 Bcex € R Boimosngercs
PABEHCTBO

vors Z fx + 2mn) Z Fln)em, (28)

n=-—oo n=—oo
noacrasuB B Koropoe x = 0, oueBuaHO, nmoayduMm (opmyay Ilyaccona.
JleByto wactb dopmynsr (28) o6ozmaumm wepes F(z) m ycranoBum HEOB-
XOAWMBIE JIJIsI JasbHeiero ceoiicrsa pyuknnn F.

1) @ynxyus F asasemes 21 -nepuoduneckoti. ITO BHITEKAELT U3 CIELYIO-
WX BBIYUCJIEHUI:

+oo
F(z+2m) =Vor Z flz+ 27 +27mn) =

n—=—oo

=(menaeM 3aMeHy WHIEKCA CyMMUpOBanusa k =n + 1)=

+oo
=21 Y flx+27k) = F(x).

k=—oc0

2) Qynruyus F nenpepwsno duddepenyupyema. Irobor ybeaurbes B 3TOM,
MOXKHO HCITIOJIB30BATH TEOPEMY O MoujaeHHOM muddepenimpoBannn (hyHK-
IHOHAJIBHOTO Psifia. B Hammem ciiyyae HEOUEBHIHO BBITOJHEHHE TOJIBKO O
HOI'O YCJIOBHS 3TOM TEOPEMBbI: HAM HaJ0 yOEIUThCs, 9TO (DYHKIIMOHATIHHBIH
psz

—+oo
Z %(x + 27mn) (29)

CXOJUTCS PABHOMEPHO Ha nepuoje pyukimu F, HampuMep Ha OTpeske [—, 7).
W3 onpenenennsi ObICTpO yOBIBatOIeil (DyHKIINK CJIEIYET, UTO IJisi JIF0OOro
p Haiaérca nocrogunag Cp Takas, 9T0 HEPABEHCTBO
df Cp
dx 1+ |z 4+ 2mn|P
cipaBeyMBO mya Beex & € R. CnenoBaTenbHO, And Beex & € [—7, ] umeem
ﬁ < Cp
dx ~ 1+ 7P(|2n] —1)P’
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LPUYEM, KAK U3BECTHO, PsiJl,
—+o0
1

Z 14+ 7P(|2n| — 1)P

[n|>1

CXOMUTCH, ecan TOabKo p > 1. Takum 00pa3oM, MBI HAILINA CYMMHUDPYEMYIO
MaxkopaHTy s obiero wiena psja (29) u, HA ocHOBaHuM Teopembl Beii-
epITpacca 0 MaXKOPUPOBAHHOM CXOIUMOCTH, MOXKEM 3aKJIIOUUTH, UTO PsI,
(29) cxonurca paBHOMepHO Ha [—7,7|. YUTo M 3aBeplraeT I0KA3aTeIHCTBO
CBOMCTBA 2.

IIpucrynum Temepb COOCTBEHHO K A0Ka3aTeabCTBY dopmyasl Ilyaccoma.

Kaxk Bcakaga 2m-meprognieckast HepepbIiBHO auddeperimpyemast pyHK-
must, F' pasmaraerca B cxopsmuiica K mHeit psang @ypoe

+oo

F(x) = Z cne'™®.

n=—oo

s nokazaresnbersa opMyibl (28) HaM HYKHO TOIBKO ybeauTbes, 41O
¢n = f(n). A 5T0 BBITEKAET M3 MPAMOTO BLIYHCJICHNUS:

™

n +oo
1 ) 1 )
Cp = Py F(z)e ™" dx = o / V2w n:goo f(z+2mn)e”" dz =

—T

=(uHTErpupyeM Dsiji IIOUJIEHHO)=

\ﬁ Z /f + 2mn)e " dy =

n=—oo__
=(mesaeM 3aMeHy TIEPEMEHHOH § = T + 27N W MOJb3YEMCsl TeM, UTO SKCIIO-
HEHTA 27i-TIePHONIHA) =

1 +oo 2mn+m

\/g Z / fly)e ™ dy =

=" nrn—mn

=(3aMe9aeM, 9TO HHTEPBALL 271N — T, 27N + T MOKPBIBAKOT BCIO IUCIOBYI)
[PAMYIO, M MOJIb3YEMCH aJIIUTUBHOCTHIO HHTErPaJIa)=

1 —iny _An
Zm/ f(y)e dy = f(n).

Yto u TpeboBATIOCH JOKA3ATH.
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78. ObocHyiiTe 3aKOHHOCTH TTOYJIEHHOTO MHTEIPUPOBAHUS PANIA B IIPHU-
BeJIEHHOM BbIIle Jokazareiabcrse (opmysibl Ilyaccona.

79. Jokaxkure, ato eciu f : R — C — 6picrpo yObiBaomast pyHkims,
TO CyMMa, PAOa

+oo
V2r Z f(x + 2mn)

n=—oo

aBysercs beckoneuro quddepernupyemoil GyHKimeil (a He TOIBKO Hempe-
PBIBHO Tud DepeHImpyeMoil, Kak ObLIO MOKA3aHO B MPUBEIEHHOM BBIIIIE J10-
kazaresnbcrse opmydant [lyaccona).

80. JlokaxkuTe CJEAYIOIIee COOTHOINEHrEe, HazbiBaeMoe O-gopmyrol u
HATPAIOIIee BAKHYIO POJIb B TEOPHUH IJLIANTAICCKAX (DYHKIINH ¥ TEOPUHU TeTl-
JIOIIPOBOAHOCTH:

=3 2 7T = x2 2
Z et —\/Z Z e T (t >0).

n=—oo n=—oo

81. C mowmotnpio dopmysibr [lyaccoHa BEIYUCIATE CYMMY DA,

+o0 1

Ob6paruTe BHUMAHWE, 9TO YIACTBYIOIIAsl B BBIYUCIEHUAX (DYHKIUS HE siB-
nstercst 6prcTpo yoniBatomieii. ObocHyiire 17 HeE 3aKOHHOCTH TPUMEHEHWA
dopwmymsr Ilyaccona.

§ 12. Teopema KorearnukoBa — Illennona

Teopema (Korenbuukoa — Hlennona). Hyems f: R — C — 6wempo
Yoviearowan GYHKYUA, U NYCMb CYWECTNBYET TOAOHCUMEALHOE HUCAO O
maxoe, umo f(z) = 0 das ecex sewecmeennbl T maxuxr, wmo |x| > a.
Toeda daa ecex x € R cnpasediuso pasencmeo

fz) = i.:f(T)smc {a (x - 7?)} (30)

2de Pynruyua t — sinc t onpedesaemca pasencmeom sinc t = (sint)/t u
Ha3vieaemea Pynxyuet omeuEmos.
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HdokazaresbcTBo. Mcnonb3ys dopmysty obparierus ajs mpeodbpa3oBa-
aust Oypbe u ToT bakT, 9TO [ 3aHYIAETCA BHE WHTEPBANA [—a, a], MOKEM
HANCATh

fz) = m /f ey = / fwerday. (1)

Paznoxuy dyHKImo f B psi Oyphe B KOMILIEKCHOM hOpMe B HHTepBaJie
[—a,al:

N = 17
= “(rzny —_ Y -
Y) _Eo:ocne , THe cCp 2a/f(y)e
—a

IMoacrasum sror pan B dopmyiay (31) u npounrerpupyem ero HOUJIEHHO,
MOJIB3YSCh TeM, UTO psan Pypbe HenpepsiBHO AuddepennupyeMoit hyHKIIN
CXOIUTCS PABHOMEPHO:

(2) Cpet @Y ) e dy =
\/27r/( Z > v=

n=—oo

y=a

. ""+:ch _ ~— <" )y
\ﬁn_z_:oocn/ Y FZ ’T”+x)

7 £ i e ()

n=—oo

(32)

y=-a

Tenepsr obparuMcs K BbIYUCTEHUIO KO3(MumuenToB c,. [lpu stom emg
Da3 UCMOMB3YEM YCIOBHE TEOPEMBI O TOM, UTO f 3aHYISETCS BHE MHTEPBATIA
[—a,al:

400

1 [~ om 1 ~ n
— —tay = — Y =
- /f(y)e dy = f(y)e dy

~)v gy \/%f(—m). (33)

2a\/ﬂ/f 2a a

[Mocnenree paBeHCTBO 3/1€CH HATTMCAHO HA OCHOBAHUY (hOPMYJIBI OOPAIIIEHNS.
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IMoucrasus Boipaxkenue (33) B opmyiy (32) U LHOMEHAB UHIEKC CyMMU-
POBAHUS N HA —N, TIOJTYIUM

f@) = J% i *g“f(—?)smc Hx + ”")] _

“+oo
= Z f(m)sinc {a<x — m)]’
a a
n=-—oo
970 ¥ TPebOBAIOCH TOKA3ATh.

Teopema KorenbankoBa — [llerHoHa mpuMedaTebHA HE TOTBKO 3IeTaHT-
HOCTBI0 KOMOMHUPOBaHUs Psifia u ipeobpasosanns Oypwe, HO U TE€M, YTO OHA,
SABJISETCs KPAEYTOJIbHBIM KaMHeM Teopuu IudpoBoil mepesayun wadoOpma-
nun. UTo0bI TOACHUTDH ITO, MPEIIMOJI0KAM, 9TO Mbl HAMEPEHBI IEPENATH 0
1uupOBOMY KAHAJLY CBHA3M HEIPEPbIBHBINA (TouHee 6bL10 Obl CKA3aTh AHAJIO-
TOBBIi) cUrHas . MBI HE MOXKEM «IIPOCTO» MEepeiaBarh 3HadeHue hbyHKIUNT
¥ B KaXXJ0# TOYKE, MTOCKOJIBKY BEIIECTBEHHBIX JYHCEJT CJUITKOM MHOTO: KaK
BBI 3HAETE U3 KyPCa MATEMATHIECKOrO aHAJIN3a, MHOYKECTBO BEIIECTBEHHBIX
qucen He caétHO. [103TOMY MPUXOAWTCS TPUMEHATh WHTEJIeKT. CormacHo
dopmyme obpalennsa, Mo OOJBIIOMY CIYETY HaM 0e3pas/mdHO, UTO Iepe-
JaBaTh: CaM CHUTHAJ ( WM e€ro mpeodpasoBanue Oyphe, HATIPUMED, — €ro

obparHoe npeobpazopanune Pypoe f =<\,2. Temepb mprMeM BO BHUMAHHE, UTO
¥ 9eJIOBEYECKNH 171a3, ¥ TeJ0BEYECKOe YXO BOCTTPUHUMAIOT CUTHAJIBI JINITH B
OrPAHUYEHHON 06,1aCTH 9acTOT (HAPUMED, YXO BOCIPUHUMAET 3BYKH TOJIb-
ko B juanazone or 20 ' mo 20 xI'm). IIpeneGperasi HeBOCHPUHUMAEMON
YaCTBIO CIEKTPA, Mbl MOXKEM CYUTATH BLIIOIHEHHBIM yCJI0BHE Teopembl Ko-
tenbauKoBa — lllennona o ToMm, 4To f = @ 3aHyAseTCS BHE HEKOTOPOTO
KOHEYHOTO WHTEPBaa [—a, al.

Tenepp MbI BUAMM, 9TO MMEPEAYMA HEIIPEPHIBHOIO CUTHAJIA 110 TTU(MPOBOMY
KaHaJy CBSI3W MOXKET ObITh OPTaHW30BaHA TaK: MEPEIATINK HAXOANT 0OpaT-

Hoe npeobpasoBanme DPypoe f —p WCXOJJHOTO CHIHAJIA ¢ W NEPEAAET ero
3HAYEHWsT B TaK HA3BIBAEMBIX TOYKax orcuéra mn/a (—oo < n < 400). IMo-
ayuns 3Havenns f(mn/a), npuéMunK ucnoabsyer dbopmyay (30) mas Boc-
CTAHOBJIEHNsA 3Havenns GYHKIWH f B MPOU3BOJILHON TOYKe W, COBEPIINB
npsaMoe npeobpazosanue Oypbe, BHIAAET UCXOIHBIN cUurHag ¢ = f.

TeM cambIM, HUCKOJBKO HE YTPATHB KAYECTBA IEPEIABACMOTO CUTHAJA,
MBI CYIIECTBEHHO YMEHBIIMIM OOBEM MepemaBaemMoii MHMDOPMAINHI: TOIEK
orcuéra X0Ta 1 GECKOHETHO MHOTO, HO TOPA3/10 MEHBIIE, €M BENIECTBEHHBIX
YWCET.
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Cuterytonuii mar, ecreCrBeHHO, COCTOUT B IIPUMEHEHUH U3BECTHOIO HAM

cpoiicrBa: f(mn/a) :% (mn/a) — 0 mpu n — +oo. Ucnonp3ysa ero, u mo-
LIyCKasl KOHTPOJIUPYEMYIO LOIPELIHOCTb, MOKHO octaBuTb B dopmysie (30)
JIMITh KOHEYHOE HWCJIO CJIAraeMbIX U, COOTBETCTBEHHO, IepesiaBaThb TOJbKO
KOHEYHOE KOJIMYeCTBO 3HaueHuil f (MMeHHO B 3TuX TOYKax ). Bompocy o Towm,
KaKHe UMEHHO CJIAraeMble OCTABUTH, 9TOOBI, MUHUMU3UPYsST 00BEM TIepea-
BaeMoit nHdOpMaIK, He BBIXOIUTH 33 PAMKH JOMYCTUMbIX MOIPENTHOCTEN,
MOCBATIEHO OOIBIITOE KOJINIECTBO PA0OT, OTHOCAIINXCS COOCTBEHHO K TEOPUH
i posoit mepenaun uHbOpPMAITNH.

§ 13. IIpumenenue npeobpasoBanusa Pypbe K permeHuro
YPaBHEHUs TENJIONPOBO/IHOCTH

HomyctuMm, 9TO n-MepHOe eBKJINI0BO mpocTpancTtso R” 3amomaneHo cpe-
JI0f € MOCTOAHHBIM KOX(DPUITMEHTOM TeIIOnpPOBOTHOCTH. IIpemmomoxumM,
YTO B MPOCTPAHCTBE OTCYTCTBYIOT UCTOUHWKY W CTOKH TEIIA U 0003HAUUM
gepes u(t, z) TeMueparypy, KOTOPYIO UMeeT TOUKa & = (X1,...,%,) € R" B
MomeHT Bpemenu ¢ > 0. Kak m3BecTHO, Mpu TAKUX TTPEIIIOJOKEHUTX TEMITE-
parypa mepepacipenensercs O BpeMeHeM TaK, 9TO CODMIOIAETCA yPaBHEHNEe

ou 9 0%u 0%u
8t—a<ax%+"'+ax2>, (34)

n
HA3bIBAEMOE YPaBHEHUEM Menionposodnocmuy. PUrypupyomas 31ech mo-
crosaHasg ¢ > (0 BbIpa)kaercs HEKOTOPbIM 00pa3oM depe3 KO3bduuueHT
TEMJIONPOBOJHOCTH Cpebl. AKKYPATHBINA BHIBOJ, YPABHEHUS TEILIOMPOBOJI-
HOCTHU u3 (PpUBUIECKUX TPEAIOCHLIOK MOYXKHO HAWTH, HATPUMED, B yUeOHUKe
C. K. TonyHoBa «¥YpaBHeHUsT MATEMATHIECKON (DUBUKU>.

EcrecTBenno oxugarh, 9T0, 3HASA PACIPEIETEHNE TEMIEPATYPBI B HEKO-
TOPBINl MOMEHT BpeMmenwu, Hanpumep npu ¢ = 0, MO2KHO BOCCTAHOBUTH Pac-
TpeIeieHre TEMIIEPATYPHI B JI000I TOCTIeIy IOt MOMEHT Bpemenn t > (.
Yrobbl caenaTh 3TO, HAJO PEIUTh ypasHenue (34) npu HAYaIbHBIX YCJIO-
Buax u(0,z) = ¢(x), rae ¢ : R — R — Hekoropas 3ajanHas QyHKIUI.
TTockombKy MBI cOBMpaeMcs MCIOIB30BaTh npeobpazoBanne Oypbe, Oyaem
[peanosararh, 4ro u GyHKIMs @, u GyHuus u (B3arad npu QUKCUPOBAH-
HOM 3HAYEHUHU ) ABJISIOTCSA ObICTPO yObIBafomumu B R™.

®ukcuposas t > 0, BBeJEM B paccMoTperne HoByio dbyHKImo y — v(t, y),
KOTOpas sBjsercs (npsaMbiM) npeobpasosanueM ®ypoe GyHKIUYU U 110 Te-
pemMeHHoit x:

olt,y) = u(t,2)(y) = (2m) "2 / u(t, 2)e" @ dr.

R
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Borsacaum, kakomy muddepeHnuaabHOMY yPABHEHUIO YAOBAETBOPsieT (PyHK-
st v. JlJist 3700 mpomenaeM CAeaYIOMNE BHIUUCTEHUS:

ov
_ -n/2 Y t (z,y) dx =
ot ot / z) v

=(muddepennupyem 101 3HAKOM MHTErpaJja, KAk OObIYHO, OIycKas 000c-
HOBaHMs, [IOCKOJIbKY PeUb UAET 0 GhICTPO yObIBAIONMX (DYHKIMAX)=

= (27.[.)—71/2 %(t, x)e—i(wvy) dr =

Rn

=(ucnonb3yem (34))=

. ur 7 7
_ 2 7TL/2 77/(17?/) — 2( 2= e _ =
a’(2m) /(63@% 44 o 2)6 dr =a (833% + + 8:5%)
R’n,

=(K KaxkJIOMy CJIaraeMoMy IpUMeHseM CBOMCTBO 3) mnpeobpazosanus Dy-
poe: FL[D®f] = (diy)* Fi[f])=

= a®((iy)* U+ - + (iyn)*0) = —a®(yi + - +yp)u = —a’|y[v(t, y).

Takum obpazom, pyHKIHA v yaoBaeTBOpsieT qudPepeHnnaaIbHOMY yPaB-
HEHUIO

% — . (3)
B KOTOPOM Y UTPAET POJib mapamerpa. [Ipu kaxmaom (ukcupoBanHOM Y pe-
IIIEHVE TOTO YPABHEHUSI, OUEBUIHO, nMeeT Bus v(t, y):CeﬂLQ'y'Qt, roe C —
HEKOTOpas MOCTOsAHHAdA, He 3apucdamas oT t. Ho mmsa apyroro 3nadenus y
IIOCTOAHHAA C MOZKET IIPpUHUMATh APYyTOoe 3Ha9CeHUe. HOSTOMy MBI 3allAITEeM

pemenue ypapuenud (35) B Buie

o(t,y) = Cly)e M.

TMoncrasue croma t = 0 u ncnonb3osae Havanbube yeaosus u(0,x) = ¢(z),
HOJLY YUM

Cly) = v(0,y) = u(0,2)(y) = ¢(x)(y).

B pesy/ibraTe MbI HAIILIH HE CAMO pPellieHne U ypasHenus (34), yI0BIeTBo-
pstormee HavanbabM yerosusam u(0, 2) = ¢(x), a mpeobpazosarue Pypbe oT
HETO:

Sl e—a lvl*t
v(t,y) = @(y)e :
Yrob6b! HAKTH OTCIONA U, ECTECTBEHHO MCIIOIb30BATH (POPMYIy OOpaIIeHMnsI.
Haxox nenwve ke obpaTHoro mpeobpasoBanus Oyphe OT MPOU3BEIEHNS IBYX
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dyuKnui Ham obserdut cBOUCTBO 6 CBEPTKYU ObICTPO yObIBaONMX DYHKIMI

(F[f - g = (2m) "2 F<[f] * Fxg)):
. —a?lyl?
u(t, ) = F_[v(t,y)](x) = F-[p(y)e™ "] () =
— (2m) 2F (@) x F_[e @ WP = (27) 20w B[~ 11",
Bropoit comHO)KUTEb B CBEPTKE BBIMUCIAM OT/IEJIHHO:
. [e—azly\%} (2) = (2m)~"™/? / e~ Wi izt ) gy gy, =
RTL

= (110/b3yACH TEM, Y4TO NOAbIHTErPaNbHAA DYHKIM SIBJIAeTCs ObICTPO yObI-
BaIOILEl, IPEBPAIIAEM KPATHBINA UHTErPaJ B HOBTOPHbI)=

— (2m)~(n-D/2 / a2 () izt b yn 17 1)

Rn—1

400
1 22,

x{ / e vt dy, | dyy . dy,1 =
2
var |

=(1IOCKOMIBKY OJHOMEPHBIH MHTErpaJl, CTOANMI B KBAIPATHBIX CKODKAX, HE
3ABUCHT OT TIEPEMEHHBIX Y1, . - . , Yn, TO MOYKEM BBLIHECTH €TI0 KaK MOCTOAHHYIO
u3-10/, 3HaKa (n — 1)-MepHOro uHTerpasa)=—

- [(271-)(”1)/2 / e 0 (Wit tyn )t i(yizit tyn—12n-1) dyi ... dyn_1| %

Rn—1

+oo
1 2,2 3
x e~ @ YntptUnin g _
|:\/27T / yn]
— 00

=(KaK BUIUM, HAM YJAJIOCh «OTIIENUThL» OJHOMEPHBIH WHTErPAI OT KPaT-
HOT'O; TIOBTOPUM 3TOT MPOLECC MHOTOKPATHO)=

o L

Kaxaprit u3 durypupyomux B mociaemaeit Gopmysie OqHOMEPHBIX HHTE-
CPAJIOB MpeIcTaB/sieT coboil omHOMEepHOEe 0bpaTHoe mpeobpazosanne Oypobe
2
or dyuxmuy Buga y — e %Y b > 0. Ero mbl yxe canranu B § 6 u 3maewm,
9T0

v
. 2 1 2
e=b2(2) = (2) = ——e % /4P,
(2) (2) V2b
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I/ICHOJ'II)SyH ITO COO6pa}KeHI/Ie7 Mbl MO2KEM 3aKOHYHUTH BblYUCJICHHWE MHOI'O-
MepHOTO nipeobpasoBannsa Oypbe CIenyIuM 00pa3oM:

F_ —azly\zf}( ) 1 -3 1 - 1 -~
" e ‘M) = ———e a2t | ... | ——e 222t | = ——— ¢ 2a2¢

V2a2t V2a2t (2a2t)n/2 ’
YTO MO3BOJIAET HAM 3allUCATh PEIIEHUE yPaBHEHUd TeronposojHocTu (34)
¢ HadanbabiMu yeaosuamu u(0, z) = o(x) B BUIE

1 EET 1 TR
U(t,l') = W (SD(Z) * e 402t>($) = WW/QD(.T — Z)e 102t dz.

R™

[locaenuuit nuTerpan HasbiBaercss uwmezpaiom Ilyaccona das ypasuenus
MenAONPOGOIHOCMU.

WNanoxennsiit B 3ToM maparpade MeTo] pellieHns YPABHEHUs TerLTonpo-
BOJIHOCTH OCHOBAH Ha TOM, 4T0 IIpeobpaszopanune Qypbe 3aMEHIET OIEPAIUIO
nuddepeHIpoBaHusi Onepalueil YMHOXKEHUS HA HE3aBUCHMYIO TEePEeMeH-
HYI0. 9TOT METO TPUMEHUM U K APYyTruM TudepeHnuaabHbIM YPABHEHU-
M. OH HA3BIBAETCA ONEPAMOPHBLM MEMOJOM W €ro TPOCTEHINil BAPUAHT
KOPOTKO MOYKeT OBITh U3JI0KEH TaK.

IIycre mimerca dynkuusa v : R — R, ymosaerBopgaomast muddepemim-
AJILHOMY YPaBHEHUIO

d"™u drtu du

adein + alm + -+ an,—l% + CLnU(I) = f(I)

C TIOCTOSTHHBIMU KO3 DUIIUEHTAME A, . . . , 4y, ¥ U3BECTHON TPABOM YaCTHIO
f:R — R. IIycrs dyskuuu v 1 f TAKOBBI, 9TO [JIsd KAXKIO0H M3 HUX OIIpe-
nereno npeodbpasosanne Pypbe U BHIMOJIHEHO CBOWCTBO 3 mpeobpa3oBaHusd
®ypre: Fy[d*u/dz*|(y) = (iy)*Fy[u](y) (M1 3m2€M, 9TO 3TH TpeIMOIOYKe-
HUS 3aBEIOMO BBIMTOJIHEHBI I OBICTPO YOBIBAONINX (DYHKIWI, HO MTOJIE3HO
UMEeTb B BULY, YTO OHU BBIIOJHAIOTCS W JIJId HEKOTOPBIX JAPYIUX (DYHKIHIA).
IIpumenus Kk Hamewmy anddepeHInaIbHOMY YPABHEHUIO IPAMOoe mpeobpa-
3oBanne Oypbe, TOTYINM CHIEAYIOIIEE, ITO OCOOEHHO BAXKHO — anrebpamde-
CKOe, ypaBHeHue JJis U

[ao(iy)"™ + a1 (iy)" " + -+ + an—1(iy) + an]u(y) = f(y).
IIpumenus Temneps obpaTHOe mpeodpazoBanue Pypbe K PEIICHUIO
_ fy)

ao(iy)” + a1 (iy)" 1 + -+ + ap—1(iy) + an

9TOro aarebpan<deckoro ypaBHEeHHs, HAHIEM pelleHne u ucxomHoro nudde-
PEHIINAIBLHOTO YPABHEHUS.

)
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82. Haiinure dyrkimio u : R? — R, yI0BIETBOPSIONIYIO OJHOMEDPHOMY
BOJTHOBOMY YPaBHEHUIO

0%u 5 0%u

S B

ot? Ox?

" HaYaJILHBIM YCJIOBUAM
ou
u(0,2) = f(z),  5:(0,2) = g(2).
83. HaiinuTe perrenne nByMepHOTO ypasHenus Jlamaaca

0? 0?
i B
Ox y

B moaymuiockoern y > 0, nomunuénHoe ycmosusm a) f(z,0) = g(z) mus
Beex ¢ € R; 6) dyukuusa z — f(z,y) asaserca GuicTpo yObIBaOmei st
kaxaoro y > 0; B) f(z,y) — 0 mpum y — 400 aya kaxkmoro = € R.

§ 14. Hauansuble cBeJieHUd 0 AUCKPETHOM Hpeobpa3oBaHum
Dypbe

Iycrs f: R — R — 27-nepuogudeckas GpyHKIHsI, KOTOPasi MOYXKET OBbITH
npeacTaBieHa ceouM psaaom Pypee, T. €. Takasi, 9To juid Beex ¢ € R crpa-
BEJIJTUBO PABEHCTBO

+o00
f(z) = Z Cpe'™, (36)

riae
Cp = — x)e xT.
2

Kak u3BectHO n3 Tembl «Psani @ypbey, 3TO pa3iokKeHne 3aBeJOMO UMeeT
MeCTO, eciu f — HelpepbIBHAs KYCOYHO-TIQAKAs 2T-NePUOIIecKast (DyHK-
WA,

IIpu gucrenubx pacuérax f 3a7ai0T B KOHEYHOM MHOXKECTBE TOYEK WH-
repBasna [—m, 7. OGBIMHO — HA PABHOMEPHON CETKe, COCTOAIEH M3 TOIEK
xp = mk/N, Ha3bIBAEMBIX Y34aMU cemKy. 37ech nenoe uncao N 3amaéres
[POM3BOJIBHO M DEryJIUpyerT KOJMYECTBO y3JI0B CeTKH, a 1ejioe 9ucio k (¢
yaéroM Toro, uro f(—m) = f(m)) mensiercst or —N + 1 10 N u Hy™mepyer
y3abl B cerke. IIpu arom 33181k DyHKINIO — 3HAYUT 33aTh €€ 3HAYEHUS B
y3nax fr = f(xg) = f(rk/N). Tlosromy nnsa GyHKIMH, 3aJaHHON HA CETKE,
UCTIONB3YIOT obo3Hadenue { fi}.
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Oka3blBaeTCsi, 9TO €CJIM MHTEPECOBATbCS 3HAYEHUIMHU HCXOTHON (DyHK-
muu f TOJMBKO B Y3JIaX CETKM, TO MX MOXKHO HANTH ¢ MOMOIIBI0 (DOPMYJIBI,
YAMBUTENBHO MOX0XKeil Ha (36), HO cyMMUpOBatue B Heil 6y1eT BECTUCH JIUIITH
[0 KOHEYHOMY MHO2KECTBY WHIEKCOB. JlJist 3TOr0 Hy»KHO JIUIb PEJICTABUTD
IPOM3BOJIBHOE TIEJI0E UHUCJI0 N B Buae N = m + 2Nj, rae j m m — mesnbe
gncia, npuiéM —N +1 < m < N, u BOCIIOJIb30BATHCA 27 i-ITEPUOANTHOCTHIO

9KCIIOHEHTHI:
—+oo
wk ok
inIF
fk:f(N): § Cpe " N =
n=—o0

N “+oo N “+oo
Tk oo im Tk
_ E E Cm+2Nje”n  t2mijhk _ § ( § Cm+2Nj> MmN
m=—N+1j=—o0 m=—N+1 ‘j=—o0
nJjin
N
im Zk
fk = § AnLeZm N (37)
m=—N+1

rae MCIIOJb30BaHO obo3HaUeHNe

“+o0
Am = Z Cm42Nj- (38)
Jj=—00
Habop uncen A_ny1,A_Ni12,..., AN, HAllAeHEDIX TIO opMmyste (38), Ha-

3BIBACTCS NPAMBIM OUCKpemHbLM npeobpasosanuem Pypve bynkuuu { fi}.
Ero Takxke MOXKHO TpakTOBaTh Kak Gynxmmio {A,, }, 3amannyio mHa Toi ke
camofi cetke T, = mm/N (—N+1 < m < N). B 9acTHOCTH, MOXKHO HCTIONE-
30Barb dbopmyny (37) mas nocrpoenns mo dyukmun { A, } HOBOH hyHKITAR
{fr}, HasBIBaEMOI1 B 3TOM C/ydae 06pammbim JUCKpPEemHbLM NPeodpasosa-
em Qypove byuxun {A,,}.

U3 yKa3aHHOIrO BBINIE DACCYKJIEHUs, OPUBEIIIEro Hac K ¢opmye (37),
CTAHOBUTCS SICHOM Takas €6 WHTepPIpeTarus: eciu K (DYHKINN TPUMEHUTH
CHAaYAaJIa IPAMOoe, a IIOTOM OOpaTHOe JUCKpPeTHOE MpeobpazoBanne Oypbe, TO
upuaém K ucxoquoii dyuxuuu. JIpyrumu ciosamu, (37) asisercsa Gopmydioit
obpalreHust IjIst TUCKPETHOTO mpeobpa3osanus Oyphbe.

st mpsiMoro auckpeTHoro mpeobpasoBanus Pypoe nmeercs: Hosee yaob-
Hag ¢dopmyna, dem (38). Urobbl mosyuuth €€, hpuKcUpyeMm Ieaoe 4ucio |
(=N +1 <1 < N), ymaoxnv kaxayio 3 dbopumyan (37) ma e /N y
MPOCYMMUPYEM BCe MOJIyIeHHBIE PABEHCTBA 10 mapamerpy k ot —N + 1 10

N:
N N N
_ilkx imEr ik
E fre R = E Am{ E MmN e UE ] (39)
k=—N-+1 m=—N+1 k=—N-+1
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B kBajparTHbix cKOBKaX 3/1€Ch CTOUT CYyMMa, KOHE4HOH I'eoMeTpUiecKoil 11po-
rpeccnn co 3uamenareseM ¢ = e/ ~D7/N  Jlcnonp3yeM n3BeCTHYIO U3 Cpe-
Hell KOBI GOPMYITY IS €6 CyMMBI:

1— q]\rf-ﬁ—l

b+bg+---+bg™ =p————
I—¢q

)
crpaBeIuBYio Ipu ¢ # 1; 31ech M +1 — KOMUYIECTBO CYMMUPYEMBIX YJIEHOB
IPOrPECCHH.

B dopmysie (39) mbr cymmupyem 2N 4II€HOB IPOrPECCHH, 3HAMEHATEIb
KOTOpO#t orimdaer or 1 npu m # . 3Havut, upu m # [, cymma, crosmas B
(39) B KBaIpPATHBIX cKOOKax, papna mpomsseaenmio 1 — ¢M+! wa b/(1 — q).
Ho

1_ qM+1 —1_ ei(mfz)% — 1 _ ilm=D2m _
BBUNY 27 i-TIEPUOTUIHOCTH SKCIOHEHTHI. [loaToMy B cymMe o m, cTodred B
npagoii gactu (39), Bce ciiaraeMbie paBHbBI HYJIIO, KPOME, ObITh MOXKET, TOIO
eMHCTBEHHOT0, Mg KoToporo m = [. Ho B 3TOM ciydae B KBaApaTHBIX
cKOOKax MbI cymMmMupyeMm 2N OJMHAKOBBIX CJIATA€MbIX, KaXKI0€ U3 KOTOPBIX
paBHO 1.
OxoHYATEIHLHO MbI [IOIy4YaeM U3 Bhipaskerus (39)

N
1 e
A= o > e ¥, I=-N+1,... N (40)
k=—N+1

DT0 U eCTh UCKOMBIE (DOPMYJIBI TIPSIMOTO JTUCKPETHOTO TTpecdpazoBanus Oy-
pbe, anaysorugnbie dopmynam (37).

B kagecTBe xapakTepHOro MPUMEPA UCIOIH30BAHUS IUCKPETHOTO MTPe0d-
pasoBanug @ypre obCyauM ero mpuMeHEHUe I CKATUS AP POBBIX U300~
paxkenmnii. [I1a onpenenéanocTn 6ymeM BecTH pedb o ¢grororpadun, TeMOH-
crpupyemoit Ha, MmoruTOope ¢ paspemennem 1200 x 1024 nukceneit. B takom
caydae obpas 3KpaHa TPAKTYIOT Kak Habop m3 1024 BeKTOpPOB, KarKIbIii
13 KOTOpbiXx uMeeT 1200 KOMIIOHEHT, MPUIEM KaxKIasd KOMIOHEHTa eCTh Tie-
JIOE YHUCJI0, KOOWPYIOIee HOMED IBETa, KOTOPHIM OKPAIIeH JTAHHBIA MTHK-
cenb. CoxpanuTh win nepeaarh (Hpororpaduio — 3HAYUT COXPAHUTH WIIA
nepegarsb 3ror Habop u3 1024 mesoducieHHbIX BeKTOPOB. OCHOBHAA Hiesd
YMEHBIEHUs KOJTUYIECTBA MHMOPMAITHH OUYeHb MPOCTA: TABANTe BhIYEepKHEM
U3 KaXKJOr0 W3 BEKTOPOB BCE KOMIIOHEHTHI C HEUETHBIMH HOMEDAMH U B
TAKOM BHJE COXPAHUM WK niepemaauM uHdopmanuo. JlocturayToiii Koad-
bHUIMEHT CXKATHA paBeH npuMepHO 2. UToObI BOCCTAaHOBUTEL (hoTorpaduio,
«pa3ayeM» CKaTyoo HHQOPMANU, J00ABUB MEKITY KAKIBIMU COCEIHUMHU
KOMIIOHEHTAMM KaXKJIOTO BEKTOPA HOBYH KOMTIOHEHTY, UHCJIEHHO PABHYIO,
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CKaXKeM, Mojiycymme eé cocejieit. SIcHo, 410 B pe3ysbrare TAKMX MAHUILY-
JIATIAY MBI TIOJIYYUM HE B TOYHOCTHM UCXOIHYIO (GOTOTpaduio, a HECKOJIBKO
UCKazKEHHYIO.

Temephb ciierka yCIOXKHAM TPOIECC CKATHUL: CHadada K Kaxkmomy 1200-
MEPHOMY BEKTOPY TPUMEHHM IPIMOe JUCKpeTHOe mpeobpasoBanne Dypoe,
a 3aTeM pe3yJibTaT «COXKMEM», BBIYEPKHYB, KAK U PAHbBIIE, HEYETHBIE KOM-
MOHEHTHI. [1pu 9TOM MPOIECC BOCCTAHOBIIEHUS, ECTECTBEHHO, BBITJIAIAT TAK:
cHaYasa «pasjayeMy CKaTyio nHGOPMAINIO, BCTABUB JOMOJIHUTEIbHbIE KOM-
MOHEHTBI, & 3aTeM caeraeM obpaTHoe JUCKpeTHoe mpeobpasoBanne Oyphbe.

Kak wmbr 3HaeMm, mpeobpasoBanne Pypbe auckperHod (MYHKINUN HMEET
CTOJIBKO K€ KOMIIOHEHT, CKOJIbKO UCXO/IHASA JUCKPeTHAd (DYHKIINS U, HA TIep-
BBIii B3TJISII, TPEIJIOXKEHHOE YCIOKHEHNE HIKAKOTO BRIMTPBIIIA HAM HE TAET.
O/ 1HAKO IKCIIEPUMEHTATILHO YCTAHOBJIEHO, UTO 00CY K IAEMbIil YCI0KHEHHbLH
MPOIECC CXKATHS TPUBOJIUT K MEHBITUM MCKasKeHusiM u3obpaskenusi! 3mech
MBI HE CTaHeM AHAJIU3WPOBATH MATEMATHYECKYIO CYTh 3TOro (hbakTa, orpa-
HUYUBILKUCH JIMIIb TAKUM cOOBpazkenueM: coriacuo ¢opmyse (37), norper-
HOCTH, BO3HUKIIE B Kodpdumuenrax @Pypoe A,,, «pacupemensiorca» 1o
BCeM fj; ¥ He Tak CHJIBHO «DpOCAIOTCS B IIa3ay.

OrMeTuM, 9TO MMEHHO ONUCAHHAS BBIIE HJes WCIO/Ib30BAHUS ITPE0d-
pazoBanusa Dypbe miaa cKarusg M300PAKEHUs JEKUT B OCHOBE AJITOPUT-
mvoB cxkarus JPEG, npenmoxennbix the Joint Photographic Experts Group
(http://www.jpeg.org/public). HykHO TO/IbKO uMETH B BUy, 9TO K HACTOSI-
[IeMy BPEMEHU W3BECTHA, [EJIasi CEPUs AJITOPUTMOB, HEKOTOPBIE U3 KOTOPBIX
UCTIOJIB3YIOT JUCKPETHBIH aHajor npeobpazosanuss Pypbe B KOMILJIEKCHON
dopme (Kak 370 ceIaHo y HAC), HEKOTOPBIE — JIUCKPETHBIE aHAJOIY CUHYC-
nnu Kocuayc-mpeobpazopanuit @ypbe, a HEKOTOPBIE — JTUCKPETHBIN aHATIOD
aByMepHoro mpeobpasosamnns @ypoe. Ilogpobmee 00 3TOM MOKHO ITPOTH-
TaTh, HApUMep, B ctarhe G. Strang “The discrete cosine transform”, omy6-
JuKoBaHHOM B xkypHasie STAM Reviews 41, no. 1 (1999) 135-147.

Bo Bcsikom citydae, Tenepb Bbl 3HAETe, UTO, KOl BbI coxpamsiere aii
B ¢dopmaTe jpg, BAIl KOMIBIOTED JejaeT mnpamoe npeodbpaszosanne Dypoe,
a KOrja Bl OTKpBIBaeTe (aiin *.jpg, or gemaer obparHoe mpeobpasoBaHue
Dypobe. [Ipu 310M BazkKHEHIUM CTAHOBUTCS BOIIPOC O KOJIMYECTBE OLEPAIHiA,
HEODXOIUMBIX [IJTsT HAXOXKJIEHUST MPSIMOTO WJIM OOPATHOTO Mpeobpa30BaHus
Oypre. He yroybuisisick B geTajn, OTMETHM, 9TO OMEPAIUHU TePeMHOKEHU
WU CTIOXKEHUS JABYX YHCEJT C TLIABAOIIENH 3amaToil 3aHUMAIOT y MPOIECcopa
BHAYUTENHHO OOJIBINE BPEMEHH, 9€M BBI30B YHCJIA U3 OMEPATHBHON MAMATH
WU BBIYUCJIEHUE 9KCIOHEHTHI OT YHCJA ¢ uiaBaiomieii 3anaroi. [losromy
Oymem 6path B pacdyéT ToabKO apudMeTudecKue ONepalni HaJ IUCIaMU €
nnasatonieit 3ansaroit. Hanpumep, cornacuo gpopmydie (37), 171 HaX0XK IeHUsT
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0/1HOr0 Ko punmenra fr 00paTHOIrO JAUCKPETHOrO 1peodbpasoBanus Pypbe
HAM HEOOXOOMMO CJIOKUTHL 2N dYuces ¢ IIaBaiomieil 3amsaToil, KaxKIoe u3
KOTOPBIX SIBJISIETCS TTPOU3BEIEHNEM JBYX UNCEJI C TLIaBaoniei 3amaroii. To
eCTh JIJIst HAXOKJEHUsT OTHOTO fj, HaM HEOOXOIUMO BBITOMHUTL 2N yMHOKE-
anit u 2N — 1 cooxennii; Bcero 4N — 1 apudmerndeckux oneparmii. s
HAXOXKJICHUA BCEX KOMIOHEHT {fx} 0BpaTHOro JAMCKPETHOro Ipeobpas’oBa-
aust @ypoe morpedyercsa 2N (4N — 1) apudmernueckux onepanuii. Irobbt
YOPOCTUTH W3J0XKEHVWE W HE CJIEIUTh 33 KOHKDETHBIMM MOCTOSHHBIMU, MBI
6yaeM TOBOPHUTh, 9TO Ay 3Toro norpebyerca O(N?) omeparmii, moapasy-
MeBas TPHU TOM, B COOTBETCTBUHU C ODINEH HIEOTOTHeld MaTeMaTHIecKOro
anam3a, 910 HafiAérea HekoTopas nocrosganag C Takas, 9T0 HEOOXOIUMOE
HaM KOJIMUeCTRO omeparuii e mpesocxomut C - N2

EcrecTBenHO BO3HMKAET BOIIPOC O TOM, MOXKHO JIH W HACKOJBKO yMEHBb-
[IUTH YUCJIO ONMEpaIuii, HEOOXOIUMBIX JIJis HAXOXKJIEHUST TUCKPETHOTO TIpe-
obpazoBanus Dypbe, 3a CIET parMoOHATLHON opranu3anyu Beraucyaenuii? 06
9TOM pedb MOUAET B ciefyorieM maparpade.

§ 15. IlepBrble cBejieus o 6bICTpOM IIpeoOpasoBannu Pypbe

Brictpoe mpeobpazoBanne @ypbe ecThb CIOCOO OPTAHU3AINY BEIYUCIEHMUIA,
MPUMEHSIEMBIH T HAXOXKJIEHUS TUCKPeTHOro npeobpasosanns Pypee. Ero
UJiesd COCTOUT B TOM, 4T00bI, HarnpuMep, B ¢hopmysax (40) BbLAEIUTD CPYIIIILL
CJIAraeMBbIX, KOTOPBIE BXOJAAT B BBIPAXKEHUA JJIS PA3IAIHBIX KO3 huImen-
ToB A;. DKOHOMMS BBIYMUCIEHUI JIOCTUraeTcs 3a CYET TOrO, UTO KayKas
CPYTIa BBIYUCISIETCS TOJIBKO OIUH PA3.

L1 onpereIEHHOCTH TIPEAIOI0KNAM, 9TO MBI COOMPAEMCS HAUTH TPSAMOe
JuckperHoe npeodbpazosanue Dypobe o dopmysnam (40), To ecTh i JAHHON
mackperHo# dbyakumn { fi,} MBI cobupaeMcs HafTH TMCITA

N
A, = L Z fre -N+1<n<N. (41)
2N

k=—N+1
Homyctum, 9To unciao N gBIIsieTcs COCTABHBIM U IIPEICTABJIEHO B BUIE
N = p1 - po. Ilpumensas: aaropuTM HeJAEHUs C OCTATKOM, 3AIUIIEM IPOM3-
BOJILHOE TIEJTOe YUCTIO N, Jexkaree Mmexay —N+1wu N, B Buge n = ni+pine,
TJIe OCTATOK N1 JIEKUT B TIpEieiax OT —pP1 0 P1, & JACTHOE Ng — B Mpeeaax

OT —p2 10 p2:

—p1 <ni1 <p1, —p2 <Nz < pa. (42)
IIpm 3TOM MBI TOTyYIaEM HOBYIO BO3MOYKHOCTD 33JaBaTh UUCIO 1 U3 WHTEP-
Basa oT —N +1 10 N: 771 3TOr0 I0CTATOYHO 33aTh YUCIAA N U Ng, YIAOBIIE-
reopstoiue Hepapencream (42). Ilonb3ysack srum coobpazkeHuem, BBeIEM

obosuauenue A, = A(ny,ng).
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Obparure BHUMaHUe, 4TO, HALUCAB HEPABEHCTBA, (42), Mbl U3JIUILHE OrDa-
HuIMIN cebs B BEIDOPE BO3MOXKHBIX YACTHOTO U OCTATKA, CIE/IaB, HATIPUMED,
HEBO3MOXKHBIM TIPE/ICTaBIeHne uncyia n = N = p1ps B BUAE N = N + P1No.
Ho mbr co3narensho He yraybisgeMcsa B 00CyKIeHRE MOA00HOTO pOIda «T'pa-
HAIHBIX YPPEKTOB», ITOOBI HE 3arPOMOKIATH U3JI0KEHIE.

ITonobubIM 2Ke 00pa30M BCSAKOE LieJi0e Yucio k, jexkaiee mexkay —IN + 1
u N, npencrasuM B Bujge k = ko+poki, rme —p1 < k1 < p1 U —pg < ko < pa.

Tenepb Mbl MOXKEM II0-HOBOMY OPraHH30BaTh CyMMupoBanue B (41):

N
1 e
Ap = A(na,ma) = o S e =
k=—N+1

p1—1 p2—1

—i(n1+pin2)(ka+p2k1) =2
E E fk2+p2k:16 (n1tpin2)(katps 1)P1PZ. (43)
k1i=—p1+1 ka=—p2+1

[Tpeobpasyem moka3aTenh IKCIOHEHTHI:

1
T 2N

T . nky . nik
= —iT—— —im
p1p2 N D1

IMockoabky umciio nok; — 1eI0€, TO IKCIOHEHTA, B CTEMEHU —imNok] paB-
HA TJIOC WM MUHYC eauHuie. [[03ToMy, meperpynnupoBas ciaraeMble, Mbl

MOZKEM MPOJIOJIKUATE PABEHCTBO (43) coiemyronumm 06pa3om

—i(n1 + pinz) (k2 + p2k1) —imngk.

1 P21 . _nk
v 2 AVmk)e TR ()
ko=—p2+1

A,,, = A(Tll, ng) =

rie
p1—1 ‘
A(l)(n1’k2> = Z (ifk2+172k1)67“r P1
ki=—p1+1

Brraucienne onmoro seipazkenns A (ny, ky) rpebyer or mac O(p; ) apud-
METHUIECKUX OIEPAIINii ¢ YNCIAMU C IIaBaommei 3anaroii. [TockombKy camMmmux
STHUX BBIPAKEHUI 2p1 - 2po INTYK, TO JJIA BEIYACICHUSA UX BCEX NOTPebyeTcd
O(p?p2) onepanpii. IToce Toro xak Bee oipazkenus A (ny, ko) Haiinensr,
JLJIsT BBIYUCJIEHUsT OJHOTO Bhipazkenud A(ni, ny) rpebyercsa O(py) onepaiiuii.
Camux ke Bbipaxkenuii A(ny,ng) uMmeercs 2p - 2pe MTYK. SHAUUT, JJId Ha-
XOXKeHHs UX Beex norpebyerca O(pip3) omepammit.

OKOHYATENBHO IOSYYa€eM, YTO /I8 HAXOXKICHUA MPAMOTO IUCKPETHOTO
npeobpazopanua Oypbe 1o dopmynam (44) tpebyerca O(pips) + O(p1p3)
omepanwmii. B 9acTHOCTH, €CIM COMHOKWTENIN P W Po PUOIU3ATEIHHO PaB-
HBL MeK 1y co0oil (a 3HAUUT, TPUOIUSUTENHLHO PABHBI VN ), TO obiIee IUCIIO
oreparit coctanur O(N?3/2).
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Bor mbl u npocsieiuin, Kak 3a CYET PAIMOHAJIBHON OPraHUu3aIUU Bbl-
YHCIeHTH YMEeHBITITL KomudecTso onepanmii ¢ O(N?) B dopmynax (41) o
O(N®/?) B bopmymax (44). BmecTe ¢ TeM J1erko nouaTs, 9to dhopmysi (44)
HE FBJISIOTCH 1PEJIEIbHO SKOHOMUYHBIMU: IIPU BblYucaeHUE KO3 hunuen-
108 AN (n1, k2), B CBOIO OYePEh, MOMKHO BBLIEIATH HEKOTOPHIE BHIPAYKEHIIS
A®) 1010610 ommcanHOMYy BbIme BhIZeaenuto Buipazkennit AN (ny, ky) u3
A(ny,m); m3 A®) moxuEO TOTOOHBIM 00pa3oM BLITEIATH Bhpazkenns AG)
U T. 1. YCIOXKHEHHBIE TAKUM 00PA30M BBIYUCTUTETbHBIE (POPMYIIBI TO3BOJIS-
0T JOBECTH YHUCJIO OTeparnuii HeOOXOMUMBIX JJIs BBIYUCIEHUS JIUCKPETHOTO
upeobpasoanug Pypoe 10 O(Nlog, N). B arom u cocrout bwempoe npe-
obpasosanue Pypoe.

Bosee peranbhoe mzsoxkenue ObicTporo mpeodbpazopanusi @ypbe unrTa-
renb Moxker Hatitu B kunre H. C. Baxsamosa, H. I1. 2Kunkosa u I'. M. Ko-
BenbkoBa «Uucaenusie Meronply. O Apyrux GbICTPLIX ajropurMax (Hampu-
Mep, 00 ajropurMax ObICTPOIO YMHOXKEHHUS YUCEs) MOXKHO LPOYUTATH BO
Bropom ToMme kuuru /1. Kayrra «ckyccTBo mporpamvupoBanus gyt 9 BMs.

Bepuémcest k mpumepy cxkatusi mudgposoit dhororpadpun, n300pazkEHHOM
Ha MorUTOpPE ¢ paspemenneMm 1200 x 1024 mukcesneii. B aTom crydae Kaxkgas
n3 1024 crpok mmeer gauay N = 1200, u naxox aenune npeobpazopanust Dy-
pbe or neé mo dopmymam (40) Tpebyer C - 12002 onepammii, a o dopmymam
6nicTporo mpeobpazosanus @ypre — Tombko C' - 1200 - log, 1200 onmepariuii,
qro mpuMepHO B 120 pa3 mMenbIte. M 3T0 mpu KaxKI0M OTKPBITHYT U COXPar-
nennn *.jpg daiina!l He yauBuTesbHO, 9TO MPOM3BOAATENN TTPOrPAMMHOIO
obecriedennsi ¢ TOTOBHOCTBIO UAYT HA YCJIOKHEHWE BHITHCIUTEIBHBIX AJr0-
PUTMOB, 06ECIIeINBAIOIINX TAKOH POCT CKOPOCTH 00PaboTKY MH(MOPMAIIHH.
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OTBeTHI U YKa3aHnuAd

7.a) f(z) = 2n7" f0+oo(1 + cosmy)(1 — y?)~tcoszydy; 6) f(x) = 2m?
S sinmy(1 — y?) " Lsinaydy. 8. a) f(z) = 2! [Ty~ siny coswy dy;

6) f(z) = 201 ;7 y=}(1 - cosy) sinzy dy. 9. a) Flo) =2 [ g2y
siny+cosy—1) cosxydy, ) ( ) =272 fo ~2(siny —y cos y) sin zy dy.
10. a) f(z) = —27r*1 ~2(ysin(2y/3) + 3(005(2y/3) — 1)) cos zy dy;
6) f(z) = 27~ (2y— 351 (2 y/3))sinxydy 11. f(y) = e ¥,y > 0.

12. f(y) =e Y,y > > 0.13. f(y) = (2/7r) *(1422)~! sin 2y dz; sTOT HHTE-
rpaJj He 6epeTcs1 B 3JIEMEHTAPHBIX (byHKLu/IﬂX HO €r0 MOYKHO Hp606pa3OBaTb

k suny f(y) = [e7YEi (y) — eYEi (—y)]/m, rge Ei (y) = —f e */xdx.
14. Her pemenmnit. 15. f(y) = 2n ty(1+y?) "1,y > O 16 f(y) = (sinmy)(1—
y?) 7117, f(y) = (ysinay)(1—y?) L 18, fy) = 27 n2ye vy > 0.
19. 2 'y~ lsinay. 20. 771 (1—y) " Lsina(l—y)+7 1 (1+y) Lsina(l+y).
21. (2m)"1/2e=v"/4 22, 21/25-1/2 cos(y2 /2 — 7 /4). 28. 2127~ 1/2 cos(m /4 —
y2/2). 24. 27 Ly~ (1—cos ay). 25. 2 Lye /2. 26. 7 'In |(14y)/(1—y)|.
Yrasanue. Ucnons3yiite narerpansr @pyrnann f0+oo 7 f(ax)—f(bx)] dx =
f(0)ln (b/a), rae npeanonaraerca, aro a > 0, b > 0, byHxma [ HEMPEPHIB-
Ha upu = > 0 u unrTerpan f;oo x71f(x) dr cxomures xora Obl s OIHOIO
A.30. F_[e" f(2)](y) = F-[f](y+a). 31. F_[f(z —a)](y) =V€““°F— [f](y)v~
32. ®opmyna ne usmensercd. 33. F_[f(z)sinaz](y) = [f (y +a)— f
~ V - v
(y = @))/(20). 36. fly) =f (y) = 2/°n =12y siny. 87. fly) = = ] (v) =
225 =1/2y=2(y cosy — siny). 38. f(y) =f (y) = 2Y27=1/2y=2(cosy —
1+ ysiny). 39. f(y) —Jv” (y) = 22712432y cosy + (y*> — 2)siny).
40. f(y)= f (y)=e~ "+ 2ch ay. 41. f(y ):— | (y)=—ie= 07+ 20 qy,
42. Jly) =F (~y) = e 0+"2 43, fly) = — [ (v >f i1/ Zay (2 4
~ v v
a?)7% 44 fly) =F () = 8222 (2 1)~ fy)=—-Ff@=
81212y (1-3y2) (y*+1) 2. 46. [(y) = () = 21/2 “V2(1-y) " sinmy.
~ V v
47. fly) =f (v) = 22771 2y(1 —y?)7 ! sinmy. 48. fy)=—-7F @)=
—i2! /25~ 1/2(1 — y?)~Lsinmy. 49. f(y) f(*y)—l(%) V21— ) M1+
™). 50. f(y) =f (y) = 2'/2x /2y~ (sin 2y — siny). 51. f(y) =f (y

) =
21727212610l 52, F(y) = — [ (y) = —i2-V2x\ /2B 1vl 65, pH(x).
66. (z+1)H (z+1). 67. (2—|z|)H(2—|z|). 68. 2> H (z)/3. 69. (1—cos z) H ().

<
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70. (22 —4sin?(z/2))H(z). 71. (32246 cos z—6)H (z). 72. (sh x—sinz)H (z)/2.
73. (14 |z|)e1*l. 74, —4=1a"1/20¢702"/2 81, wa=1 (/2 4 = /2)(e%/% —
e~%/2)=1 = wa~'cth a/2. 82. u(t,z) = [f(x—at)+f(z+at)]/24+27" fot[g(:r—
az) + g(z + az)] dz. 83. f(z,y) =71 fjoooo yl(z — 2)? + y? " tg(2) dz. Via-
3anue. Yoenurech, 9To npsamoe npeobpazosanue Oypne f(z, y) byukuuu f
10 TepeMenHoil = nmeer Bux §(z)e YA,
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OTBeTHI U YKa3aHnuAd

7.a) f(z) = 2n7" f0+oo(1 + cosmy)(1 — y?)~tcoszydy; 6) f(x) = 2m?
S sinmy(1 — y?) " Lsinaydy. 8. a) f(z) = 2! [Ty~ siny coswy dy;

6) f(z) = 201 ;7 y=}(1 - cosy) sinzy dy. 9. a) Flo) =2 [ g2y
siny+cosy—1) cosxydy, ) ( ) =272 fo ~2(siny —y cos y) sin zy dy.
10. a) f(z) = —27r*1 ~2(ysin(2y/3) + 3(005(2y/3) — 1)) cos zy dy;
6) f(z) = 27~ (2y— 351 (2 y/3))sinxydy 11. f(y) = e ¥,y > 0.

12. f(y) =e Y,y > > 0.13. f(y) = (2/7r) *(1422)~! sin 2y dz; sTOT HHTE-
rpaJj He 6epeTcs1 B 3JIEMEHTAPHBIX (byHKLu/IﬂX HO €r0 MOYKHO Hp606pa3OBaTb

k suny f(y) = [e7YEi (y) — eYEi (—y)]/m, rge Ei (y) = —f e */xdx.
14. Her pemenmnit. 15. f(y) = 2n ty(1+y?) "1,y > O 16 f(y) = (sinmy)(1—
y?) 7117, f(y) = (ysinay)(1—y?) L 18, fy) = 27 n2ye vy > 0.
19. 2 'y~ lsinay. 20. 771 (1—y) " Lsina(l—y)+7 1 (1+y) Lsina(l+y).
21. (2m)"1/2e=v"/4 22, 21/25-1/2 cos(y2 /2 — 7 /4). 28. 2127~ 1/2 cos(m /4 —
y2/2). 24. 27 Ly~ (1—cos ay). 25. 2 Lye /2. 26. 7 'In |(14y)/(1—y)|.
Yrasanue. Ucnons3yiite narerpansr @pyrnann f0+oo 7 f(ax)—f(bx)] dx =
f(0)ln (b/a), rae npeanonaraerca, aro a > 0, b > 0, byHxma [ HEMPEPHIB-
Ha upu = > 0 u unrTerpan f;oo x71f(x) dr cxomures xora Obl s OIHOIO
A.30. F_[e" f(2)](y) = F-[f](y+a). 31. F_[f(z —a)](y) =V€““°F— [f](y)v~
32. ®opmyna ne usmensercd. 33. F_[f(z)sinaz](y) = [f (y +a)— f
~ V - v
(y = @))/(20). 36. fly) =f (y) = 2/°n =12y siny. 87. fly) = = ] (v) =
225 =1/2y=2(y cosy — siny). 38. f(y) =f (y) = 2Y27=1/2y=2(cosy —
1+ ysiny). 39. f(y) —Jv” (y) = 22712432y cosy + (y*> — 2)siny).
40. f(y)= f (y)=e~ "+ 2ch ay. 41. f(y ):— | (y)=—ie= 07+ 20 qy,
42. Jly) =F (~y) = e 0+"2 43, fly) = — [ (v >f i1/ Zay (2 4
~ v v
a?)7% 44 fly) =F () = 8222 (2 1)~ fy)=—-Ff@=
81212y (1-3y2) (y*+1) 2. 46. [(y) = () = 21/2 “V2(1-y) " sinmy.
~ V v
47. fly) =f (v) = 22771 2y(1 —y?)7 ! sinmy. 48. fy)=—-7F @)=
—i2! /25~ 1/2(1 — y?)~Lsinmy. 49. f(y) f(*y)—l(%) V21— ) M1+
™). 50. f(y) =f (y) = 2'/2x /2y~ (sin 2y — siny). 51. f(y) =f (y

) =
21727212610l 52, F(y) = — [ (y) = —i2-V2x\ /2B 1vl 65, pH(x).
66. (z+1)H (z+1). 67. (2—|z|)H(2—|z|). 68. 2> H (z)/3. 69. (1—cos z) H ().
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70. (22 —4sin?(z/2))H(z). 71. (32246 cos z—6)H (z). 72. (sh x—sinz)H (z)/2.
73. (14 |z|)e1*l. 74, —4=1a"1/20¢702"/2 81, wa=1 (/2 4 = /2)(e%/% —
e~%/2)=1 = wa~'cth a/2. 82. u(t,z) = [f(x—at)+f(z+at)]/24+27" fot[g(:r—
az) + g(z + az)] dz. 83. f(z,y) =71 fjoooo yl(z — 2)? + y? " tg(2) dz. Via-
3anue. Yoenurech, 9To npsamoe npeobpazosanue Oypne f(z, y) byukuuu f
10 TepeMenHoil = nmeer Bux §(z)e YA,
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