
Ïðåäèñëîâèå
Âû äåðæèòå â ðóêàõ ïåðåðàáîòàííûé êîíñïåêò ëåêöèé îäíîé èç äå-

âÿòè òåì, ÷èòàåìûõ íà ôèçè÷åñêîì ôàêóëüòåòå Íîâîñèáèðñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà â ðàìêàõ êóðñà ¾Îñíîâû ôóíêöèîíàëüíîãî
àíàëèçà¿ â ïåðâîé ïîëîâèíå òðåòüåãî ñåìåñòðà. Òåìå ¾Ïðåîáðàçîâàíèå
Ôóðüå¿ îòâîäèòñÿ ïðèáëèçèòåëüíî ÷åòûðå ëåêöèè è òðè ñåìèíàðà. Ïî-
ñîáèå ñîäåðæèò òó ÷àñòü îáøèðíîé òåîðèè ïðåîáðàçîâàíèÿ Ôóðüå, êî-
òîðóþ ìîæíî ðåàëüíî èçëîæèòü è óñâîèòü çà îòâåä�åííûé ó÷åáíûì ïëà-
íîì ïðîìåæóòîê âðåìåíè è êîòîðàÿ ðåàëüíî íåîáõîäèìà ñòóäåíòàì äëÿ
óñâîåíèÿ ôèçè÷åñêèõ êóðñîâ, ÷èòàåìûõ â ïîñëåäóþùåì.

Êîðîòêî ïðîêîììåíòèðóåì êíèãè, èñïîëüçîâàííûå ïðè íàïèñàíèè íà-
ñòîÿùåãî ïîñîáèÿ è ðåêîìåíäóåìûå äëÿ áîëåå ãëóáîêîãî îçíàêîìëåíèÿ
ñ ïðåäìåòîì.

Íàøå èçëîæåíèå íàèáîëåå áëèçêî ê ïðèíÿòîìó â ñëåäóþùåì øèðîêî
ðàñïðîñòðàíåííîì ó÷åáíèêå:
• Çîðè÷ Â. À. Ìàòåìàòè÷åñêèé àíàëèç. ×. 2. Ì.: Íàóêà, 1984.
Íåñêîëüêî äàëüøå îò íàøåãî èçëîæåíèÿ íàõîäÿòñÿ êëàññè÷åñêèå ó÷åá-

íèêè:
• Êîëìîãîðîâ À. Í., Ôîìèí Ñ. Â. Ýëåìåíòû òåîðèè ôóíêöèé è ôóíê-

öèîíàëüíîãî àíàëèçà. Ì.: Íàóêà, 1972.
• Ôèõòåíãîëüö Ã. Ì. Êóðñ äèôôåðåíöèàëüíîãî è èíòåãðàëüíîãî èñ-

÷èñëåíèÿ. Ò. 3. Ì.: Íàóêà, 1969.
Äëÿ áîëåå ãëóáîêîãî çíàêîìñòâà ñ ïðåîáðàçîâàíèåì Ôóðüå è åãî ðî-

ëüþ â òåîðåòè÷åñêîé ôèçèêå ìîæíî ðåêîìåíäîâàòü ïðåêðàñíóþ êíèãó:
• Ðèä Ì., Ñàéìîí Á. Ìåòîäû ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêè.

Ò. 2 / Ïåð. ñ àíãë. Ì.: Ìèð, 1978.
Òåì, êòî õî÷åò ãëóáæå ðàçîáðàòüñÿ â äèñêðåòíîì è áûñòðîì ïðåîá-

ðàçîâàíèÿõ Ôóðüå, ìîæíî ðåêîìåíäîâàòü ñëåäóþùèå êíèãè:
• Áàõâàëîâ Í. Ñ.,Æèäêîâ Í. Ï., Êîáåëüêîâ Ã. Ì. ×èñëåííûå ìåòîäû.

Ì.: Íàóêà, 1987.
• Êíóò Ä. Èñêóññòâî ïðîãðàììèðîâàíèÿ äëÿ ÝÂÌ. Ò. 2 / Ïåð. ñ

àíãë. Ì.: Ìèð, 1972.
Çàìåòíàÿ ÷àñòü ïðèâîäèìûõ â íàøåì ïîñîáèè çàäà÷ ïîçàèìñòâîâàíà

èç ñëåäóþùèõ ñáîðíèêîâ:
• Êóäðÿâöåâ Ë. Ä. è äð. Ñáîðíèê çàäà÷ ïî ìàòåìàòè÷åñêîìó àíàëèçó.

Ôóíêöèè ìíîãèõ ïåðåìåííûõ. ÑÏá., 1994.
• Âëàäèìèðîâ Â. Ñ. è äð. Ñáîðíèê çàäà÷ ïî óðàâíåíèÿì ìàòåìàòè-

÷åñêîé ôèçèêè. Ì.: Íàóêà, 1974.
Òàì æå ìîæíî íàéòè äîïîëíèòåëüíûå çàäà÷è ê òåìå ¾Ïðåîáðàçîâà-

íèå Ôóðüå¿.
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� 1. Èíòåãðàë Ôóðüå êàê ïðåäåëüíàÿ ôîðìà ðÿäà Ôóðüå
Ïóñòü f : R → R � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Íà

îñíîâàíèè òåîðåìû î ïðåäñòàâèìîñòè ôóíêöèè â òî÷êå ñâîèì ðÿäîì
Ôóðüå ìîæåì äëÿ ëþáîãî l > 0 ðàçëîæèòü f â ðÿä Ôóðüå â ïðîìåæóòêå
[−l, l]:

f(x) =
a0

2
+

∞∑
n=1

(
an cos

πnx

l
+ bn sin

πnx

l

)
, (1)

ãäå

an =
1
l

l∫

−l

f(t) cos
πnt

l
dt, n = 0, 1, 2, . . . ,

bn =
1
l

l∫

−l

f(t) sin
πnt

l
dt, n = 1, 2, . . . .

(2)

Ðàçëîæåíèå (1) îáëàäàåò äîñàäíîé àñèììåòðèåé: åãî ëåâàÿ è ïðàâàÿ
÷àñòè îïðåäåëåíû íà âñåé ÷èñëîâîé ïðÿìîé, íî ðàâåíñòâî èìååò ìåñòî
òîëüêî â ïðîìåæóòêå [−l, l]. Óñòðàíèì ýòîò íåäîñòàòîê, ïåðåéäÿ ê ïðå-
äåëó ïðè l → +∞. Ïðè ýòîì îãðàíè÷èìñÿ íàâîäÿùèìè ñîîáðàæåíèÿìè,
îñòàâèâ ñòðîãèå ðàññóæäåíèÿ íà ïîòîì.

Ïðåîáðàçóåì (1), ïîäñòàâèâ âìåñòî an è bn èõ âûðàæåíèÿ (2):

f(x) =
1
l

l∫

−l

f(t)
[
1
2

+
∞∑

n=1

(
cos

πnt

l
cos

πnx

l
+ sin

πnt

l
sin

πnx

l

)]
dt =

=
1
l

l∫

−l

f(t)
[
1
2

+
∞∑

n=1

cos
πn

l
(t− x)

]
dt = (3)

=
1
2l

l∫

−l

f(t) dt +
1
l
· l

π

l∫

−l

f(t)
∞∑

n=1

cos[yn(t− x)]∆yn dt,

ãäå èñïîëüçîâàíû îáîçíà÷åíèÿ yn = πn/l è ∆yn = yn+1 − yn = π/l.
Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ f íå òîëüêî íåïðåðûâíî äèôôå-

ðåíöèðóåìà, íî è ¾äîñòàòî÷íî áûñòðî óáûâàåò íà áåñêîíå÷íîñòè¿. Òî÷-
íåå, áóäåì ïðåäïîëàãàòü, ÷òî èíòåãðàë

+∞∫

−∞
|f(t)| dt

ñõîäèòñÿ.
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Òîãäà èíòåãðàë, âõîäÿùèé â ïåðâîå ñëàãàåìîå â âûðàæåíèè (3), ñòðå-
ìèòñÿ ê êîíå÷íîìó ïðåäåëó ïðè l → +∞, à ñàìî ïåðâîå ñëàãàåìîå ñòðå-
ìèòñÿ ê íóëþ.

Ïîñêîëüêó ∆yn → 0 ïðè l → +∞, òî âûðàæåíèå
∞∑

n=1

cos[yn(t− x)]∆yn

ìîæíî èíòåðïðåòèðîâàòü êàê ñóììó Ðèìàíà èíòåãðàëà
+∞∫

0

cos y(t− x) dy.

(Íàäî òîëüêî èìåòü â âèäó, ÷òî ýòî î÷åíü íåñòðîãîå ñîîáðàæåíèå; íåñòðî-
ãîå õîòÿ áû ïîòîìó, ÷òî íàïèñàííûé èíòåãðàë çàâåäîìî ðàñõîäèòñÿ.)

Â ðåçóëüòàòå ìû ìîæåì íàäåÿòüñÿ, ÷òî, ïåðåõîäÿ ê ïðåäåëó ïðè l →
+∞ â âûðàæåíèè (3), ìû ïîëó÷èì

f(x) =
1
π

+∞∫

−∞
f(t)

[ +∞∫

0

cos y(t− x) dy

]
dt.

Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ è ðàçëàãàÿ êîñèíóñ ðàçíîñòè ïî èçâåñò-
íîé òðèãîíîìåòðè÷åñêîé ôîðìóëå, ïîëó÷èì

f(x) =
1
π

+∞∫

0

[ +∞∫

−∞
f(t) cos yt dt · cos yx +

+∞∫

−∞
f(t) sin yt dt · sin yx

]
dy,

èëè

f(x) =

+∞∫

0

[a(y) cos yx + b(y) sin yx] dy, (4)

ãäå

a(y) =
1
π

+∞∫

−∞
f(t) cos ty dt, (5)

b(y) =
1
π

+∞∫

−∞
f(t) sin ty dt. (6)

Îòìåòèì, ÷òî ïðè íàøèõ ïðåäïîëîæåíèÿõ îá f èíòåãðàëû â (5) è (6)
ñõîäÿòñÿ, à èíòåãðàë â (4), âî âñÿêîì ñëó÷àå, íå ÿâëÿåòñÿ èíòåãðàëîì,
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ðàñõîäèìîñòü êîòîðîãî áðîñàëàñü áû â ãëàçà. Ïðè ýòîì ìû ìîæåì íà-
äåÿòüñÿ, ÷òî ôîðìóëà (4) áóäåò ñïðàâåäëèâà íà âñåé ÷èñëîâîé ïðÿìîé
è áóäåò èãðàòü ðîëü ðàçëîæåíèÿ ôóíêöèè â ðÿä Ôóðüå.

Ïðàâàÿ ÷àñòü ôîðìóëû (4) íàçûâàåòñÿ èíòåãðàëîì Ôóðüå, à ñàìà
ôîðìóëà (4) � èíòåãðàëüíîé ôîðìóëîé Ôóðüå. Ôóíêöèÿ a : R → R,
îïðåäåë�åííàÿ ôîðìóëîé (5), íàçûâàåòñÿ êîñèíóñ-ïðåîáðàçîâàíèåì Ôó-
ðüå ôóíêöèè f . Ôóíêöèÿ b : R→ R, îïðåäåë�åííàÿ ôîðìóëîé (6), íàçû-
âàåòñÿ ñèíóñ-ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè f .

Îáðàòèòå âíèìàíèå, ÷òî ôîðìóëû (4)�(6) óäèâèòåëüíî íàïîìèíàþò
óæå ïðèâû÷íûå âàì ôîðìóëû ðàçëîæåíèÿ 2π-ïåðèîäè÷åñêîé ôóíêöèè
â ðÿä Ôóðüå:

f(x) =
a0

2
+

∞∑
n=1

(an cosnx + bn sin nx), (7)

an =
1
π

π∫

−π

f(t) cos nt dt, n = 0, 1, 2, . . . , (8)

bn =
1
π

π∫

−π

f(t) sin nt dt, n = 1, 2, . . . . (9)

Â ñàìîì äåëå, â ôîðìóëàõ (5)�(6) è (8)�(9) ó÷àñòâóåò îäèíàêîâûé êî-
ýôôèöèåíò 1/π, à èíòåãðèðîâàíèå âåä�åòñÿ ïî âñåìó ïðîìåæóòêó, íà
êîòîðîì îïðåäåëåíà f . Âîò òîëüêî äèñêðåòíûé ïàðàìåòð n çàìåí�åí íà
íåïðåðûâíûé y. Àíàëîãè÷íî, ôîðìóëà (4) î÷åíü íàïîìèíàåò (7): íàäî
ëèøü çàìåíèòü äèñêðåòíûé ïàðàìåòð n íà íåïðåðûâíûé y è â ñâÿçè
ñ ýòèì çàìåíèòü ñóììó íà èíòåãðàë (â íåêîòîðîì ñìûñëå ñ òåìè æå
ïðåäåëàìè).

� 2. Òåîðåìà î ïðåäñòàâèìîñòè ôóíêöèè â òî÷êå ñâîèì
èíòåãðàëîì Ôóðüå

Íàøå îáîñíîâàíèå íåñòðîãèõ ðàññóæäåíèé, ïðèâåä�åííûõ â ïðåäûäó-
ùåì ïàðàãðàôå, áóäåò îïèðàòüñÿ íà ñëåäóþùåå óòâåðæäåíèå.

Ëåììà (Ðèìàíà � Ëåáåãà äëÿ áåñêîíå÷íîãî ïðîìåæóòêà). Åñëè a ∈
R è f : (a,+∞) → R àáñîëþòíî èíòåãðèðóåìà íà (a, +∞), ò. å. åñëè∫ +∞

a
|f(x)| dx < +∞, òî

lim
p→+∞

+∞∫

a

f(x) cos px dx = lim
p→+∞

+∞∫

a

f(x) sin px dx = 0.
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Ìû ïðèìåì ýòî óòâåðæäåíèå áåç äîêàçàòåëüñòâà, ïîñêîëüêó îíî ëèøü
òåõíè÷åñêèìè äåòàëÿìè îòëè÷àåòñÿ îò ëåììû Ðèìàíà � Ëåáåãà, ðàñ-
ñìîòðåííîé â ðàçäåëå ¾Ðÿäû Ôóðüå¿.

Ôóíêöèþ f : R → R áóäåì íàçûâàòü êóñî÷íî-ãëàäêîé, åñëè îíà ÿâ-
ëÿåòñÿ êóñî÷íî-ãëàäêîé â ñìûñëå òåîðèè ðÿäîâ Ôóðüå íà ëþáîì êîíå÷-
íîì ïðîìåæóòêå [a, b], ò. å. åñëè â [a, b] íàéä�åòñÿ êîíå÷íîå ÷èñëî òî÷åê
a = x0 < x1 < · · · < xn = b òàêèõ, ÷òî â êàæäîì îòêðûòîì èíòåðâàëå
(xj , xj+1) ôóíêöèÿ f íåïðåðûâíî äèôôåðåíöèðóåìà, à â êàæäîé òî÷êå
xj ó f ñóùåñòâóþò êîíå÷íûå ïðåäåëû ñëåâà è ñïðàâà

f(xj − 0) = lim
h→0+

f(xj − h), f(xj + 0) = lim
h→0+

f(xj + h),

à òàêæå ñóùåñòâóþò è êîíå÷íû ñëåäóþùèå ïðåäåëû, ïîõîæèå íà ëåâóþ
è ïðàâóþ ïðîèçâîäíûå

lim
h→0+

f(xj − h)− f(xj − 0)
−h

, lim
h→0+

f(xj + h)− f(xj + 0)
h

.

Òåîðåìà (î ïðåäñòàâèìîñòè ôóíêöèè â òî÷êå ñâîèì èíòåãðàëîì Ôó-
ðüå). Ïóñòü f : R → R � êóñî÷íî-ãëàäêàÿ àáñîëþòíî èíòåãðèðóåìàÿ
ôóíêöèÿ. Òîãäà äëÿ ëþáîãî x ∈ R ñïðàâåäëèâî ðàâåíñòâî

+∞∫

0

[a(y) cos yx + b(y) sin yx] dy =
1
2
[f(x + 0) + f(x− 0)],

ãäå

a(y) =
1
π

+∞∫

−∞
f(t) cos ty dt,

b(y) =
1
π

+∞∫

−∞
f(t) sin ty dt.

Äðóãèìè ñëîâàìè, ýòà òåîðåìà îçíà÷àåò, ÷òî èíòåãðàë Ôóðüå êóñî÷íî-
ãëàäêîé àáñîëþòíî èíòåãðèðóåìîé ôóíêöèè ðàâåí ïîëóñóììå å�å ïðåäå-
ëîâ ñëåâà è ñïðàâà. Â ÷àñòíîñòè, â òî÷êå íåïðåðûâíîñòè ôóíêöèè îí â
òî÷íîñòè ðàâåí çíà÷åíèþ ôóíêöèè.

Äîêàçàòåëüñòâî. Ïîëîæèì

fA(x) =

A∫

0

[a(y) cos yx + b(y) sin yx] dy

è óáåäèìñÿ, ÷òî fA(x) → [f(x + 0) + f(x− 0)]/2 ïðè A → +∞.
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Äëÿ íà÷àëà ïðåîáðàçóåì A, ïîäñòàâèâ âìåñòî a(y) è b(y) èõ âûðàæå-
íèÿ ÷åðåç èíòåãðàëû è âîñïîëüçîâàâøèñü òðèãîíîìåòðè÷åñêîé ôîðìó-
ëîé äëÿ êîñèíóñà ðàçíîñòè:

fA(x) =
1
π

A∫

0

dy

{ +∞∫

−∞
f(t)[cos ty · cos yx + sin ty · sin yx] dt

}
=

=
1
π

A∫

0

dy

{ +∞∫

−∞
f(t) cos y(t− x) dt

}
.

Èçìåíèâ ïîðÿäîê èíòåãðèðîâàíèÿ â ïîñëåäíåì âûðàæåíèè, ïîëó÷èì

fA(x) =
1
π

+∞∫

−∞

[
f(t)

A∫

0

cos y(t− x) dy

]
dt. (10)

Äëÿ îáîñíîâàíèÿ çàêîííîñòè èçìåíåíèÿ ïîðÿäêà èíòåãðèðîâàíèÿ â
äàííîì ñëó÷àå åñòåñòâåííî èñïîëüçîâàòü òåîðåìó Ôóáèíè: åñëè ôóíê-
öèÿ èíòåãðèðóåìà ïî ñîâîêóïíîñòè ïåðåìåííûõ, òî âñå å�å ïîâòîðíûå
èíòåãðàëû ñóùåñòâóþò è íå òîëüêî ðàâíû ìåæäó ñîáîé, íî ðàâíû
è å�å êðàòíîìó èíòåãðàëó. Â íàøåì ñëó÷àå îáîñíîâàòü çàêîííîñòü èç-
ìåíåíèÿ ïîðÿäêà èíòåãðèðîâàíèÿ êàê ðàç è çíà÷èò äîêàçàòü ðàâåíñòâî
ïîâòîðíûõ èíòåãðàëîâ. Òàêèì îáðàçîì, âñ�å äåëî óïèðàåòñÿ â èíòåãðèðó-
åìîñòü ôóíêöèè äâóõ ïåðåìåííûõ (t, y) 7→ f(t) cos y(t−x) ïî ìíîæåñòâó
R × [0, A]. Ïîñêîëüêó âñÿêàÿ àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ èíòå-
ãðèðóåìà, òî íàì äîñòàòî÷íî äîêàçàòü, ÷òî ìîäóëü ýòîé ôóíêöèè èíòå-
ãðèðóåì. Îäíàêî ìîäóëü � âåëè÷èíà íåîòðèöàòåëüíàÿ, à èç êóðñà ìàòå-
ìàòè÷åñêîãî àíàëèçà èçâåñòíî, ÷òî åñëè äëÿ íåîòðèöàòåëüíîé ôóíêöèè
íåñêîëüêèõ ïåðåìåííûõ ñõîäèòñÿ õîòü îäèí ïîâòîðíûé èíòåãðàë, òî
ýòà ôóíêöèÿ èíòåãðèðóåìà ïî ñîâîêóïíîñòè âñåõ ïåðåìåííûõ. Çíà÷èò,
äëÿ íàøèõ öåëåé äîñòàòî÷íî óñòàíîâèòü ñõîäèìîñòü ïîâòîðíîãî èíòå-
ãðàëà

+∞∫

−∞

[ A∫

0

|f(t) cos y(t− x)| dy

]
dt,

ñõîäèìîñòü êîòîðîãî âûòåêàåò èç ñëåäóþùèõ î÷åâèäíûõ âûêëàäîê:
+∞∫

−∞

[ A∫

0

|f(t) cos y(t− x)| dy

]
dt ≤
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≤
+∞∫

−∞
|f(t)|

[ A∫

0

dy

]
dt ≤ A

+∞∫

−∞
|f(t)| dt < +∞,

ãäå ïîñëåäíåå íåðàâåíñòâî íàïèñàíî â ñèëó óñëîâèÿ òåîðåìû, ñîãëàñ-
íî êîòîðîìó f àáñîëþòíî èíòåãðèðóåìà. Òåì ñàìûì ìû çàâåðøèëè îá-
îñíîâàíèå çàêîííîñòè èçìåíåíèÿ ïîðÿäêà èíòåãðèðîâàíèÿ è äîêàçàëè
ðàâåíñòâî (10).

Ïðåîáðàçóåì ôîðìóëó (10):

fA(x) =
1
π

+∞∫

−∞

[
f(t)

A∫

0

cos y(t− x) dy

]
dt =

=
1
π

+∞∫

−∞

{
f(t)

sin y(t− x)
t− x

∣∣∣∣
y=A

y=0

}
dt =

=
1
π

+∞∫

−∞
f(t)

sin A(t− x)
t− x

dt =
1
π

+∞∫

−∞
f(x + u)

sin Au

u
du.

Ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî ñ ïîìîùüþ ëèíåéíîé çàìåíû ïåðåìåííîé
t − x = u. Ïîëüçóÿñü àääèòèâíîñòüþ, ðàçîáü�åì ïîñëåäíèé èíòåãðàë íà
äâà (ïî ïðîìåæóòêàì (−∞, 0) è (0,+∞) ñîîòâåòñòâåííî) è ñäåëàåì â
ïåðâîì èç íèõ çàìåíó u → −u:

FA(x) =
1
π

+∞∫

−∞
f(x + u)

sin Au

u
du =

=
1
π

0∫

−∞
f(x + u)

sinAu

u
du +

1
π

+∞∫

0

f(x + u)
sinAu

u
du =

=
1
π

+∞∫

0

f(x + u) + f(x− u)
u

sin Audu =

=
1
π

1∫

0

f(x + u) + f(x− u)
u

sinAu du+
1
π

+∞∫

1

f(x + u) + f(x− u)
u

sin Audu.

Îáîçíà÷èì ïåðâûé èç ýòèõ èíòåãðàëîâ ÷åðåç I1, à âòîðîé ÷åðåç I2.
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Ïîñêîëüêó
+∞∫

1

∣∣∣∣
f(x + u) + f(x− u)

u

∣∣∣∣ du ≤

≤
+∞∫

1

|f(x + u)| du +

+∞∫

1

|f(x− u)| du ≤ 2

+∞∫

−∞
|f(v)| dv < +∞,

òî ôóíêöèÿ u 7→ [f(x + u) + f(x − u)]/u àáñîëþòíî èíòåãðèðóåìà ïî
ïðîìåæóòêó [1, +∞) è ê I2 ìîæíî ïðèìåíèòü ëåììó Ðèìàíà � Ëåáåãà
äëÿ áåñêîíå÷íîãî ïðîìåæóòêà. Ñëåäîâàòåëüíî, I2 → 0 ïðè A → +∞.

Ïîäîáíîå ðàññóæäåíèå íå ïðèìåíèìî ê èíòåãðàëó I1, ïîñêîëüêó ïîêà
ìû íå â ñîñòîÿíèè ãàðàíòèðîâàòü èíòåãðèðóåìîñòü ôóíêöèè u 7→ [f(x+
u) + f(x− u)]/u â îêðåñòíîñòè íóëÿ. Èññëåäóåì I1 áîëåå äåòàëüíî, äëÿ
÷åãî ïðèáàâèì è âû÷òåì ïðåäåëüíûå çíà÷åíèÿ f(x + 0) è f(x − 0) â
÷èñëèòåëå ïîäûíòåãðàëüíîãî âûðàæåíèÿ:

I1 =
1
π

1∫

0

f(x + u) + f(x− u)
u

sin Audu =

=
1
π

1∫

0

f(x + u)− f(x + 0)
u

sin Audu+
1
π

1∫

0

f(x− u)− f(x− 0)
u

sinAu du+

+
1
π

1∫

0

f(x + 0) + f(x− 0)
u

sin Audu. (11)

Ïîñêîëüêó f � êóñî÷íî-ãëàäêàÿ ôóíêöèÿ, òî èíòåðâàë [0, 1] ìîæíî ðàç-
áèòü íà êîíå÷íîå ÷èñëî îòêðûòûõ ïðîìåæóòêîâ (xj , xj+1) íà êàæäîì
èç êîòîðûõ ôóíêöèè [f(x + u) + f(x + 0)]/u è [f(x − u) + f(x − 0)]/u
íåïðåðûâíî äèôôåðåíöèðóåìû, à â êàæäîé èç êîíöåâûõ òî÷åê xj èìå-
þò êîíå÷íûå ïðåäåëû ñëåâà è ñïðàâà. Îñîáî ïîä÷åðêí�åì, ÷òî îíè èìå-
þò êîíå÷íûå ïðåäåëû â òî÷êå xj = 0 ñïðàâà, ïîñêîëüêó ñóùåñòâîâà-
íèå è êîíå÷íîñòü ýòèõ ïðåäåëîâ ñïåöèàëüíî îãîâàðèâàåòñÿ â îïðåäå-
ëåíèè êóñî÷íî-ãëàäêîé ôóíêöèè. Ó÷èòûâàÿ òàêóþ ñòðóêòóðó ôóíêöèé
[f(x + u) + f(x + 0)]/u è [f(x− u) + f(x− 0)]/u, çàêëþ÷àåì, ÷òî îáå îíè
àáñîëþòíî èíòåãðèðóåìû íà èíòåðâàëå [0, 1]. Ñëåäîâàòåëüíî, ïî ëåììå
Ðèìàíà � Ëåáåãà, ïåðâûå äâà ñëàãàåìûõ â (11) ñòðåìÿòñÿ ê íóëþ ïðè
A → +∞.
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Òðåòüå ñëàãàåìîå â (11) ïðåîáðàçóåì ñ ïîìîùüþ ëèíåéíîé çàìåíû
ïåðåìåííîé Au = v:

1
π

1∫

0

f(x + 0) + f(x− 0)
u

sin Audu =
f(x + 0) + f(x− 0)

π

A∫

0

sin v

v
dv.

Èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà âû çíàåòå, ÷òî èíòåãðàë
+∞∫

0

sin v

v
dv,

íàçûâàåìûéèíòåãðàëîì Äèðèõëå, ñõîäèòñÿ, è åãî çíà÷åíèå ðàâíî π/2.
Òàêèì îáðàçîì, ïðè A → +∞ òðåòüå ñëàãàåìîå â (11) ñòðåìèòñÿ ê ÷èñëó
[f(x + 0) + f(x− 0)]/2.

Îêîí÷àòåëüíî ïîëó÷àåì

lim
A→+∞

fA(x) = lim
A→+∞

I1 + lim
A→+∞

I2 =
f(x + 0) + f(x− 0)

2
,

÷òî è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.
Îòìåòèì, ÷òî ñóùåñòâóþò è äðóãèå óñëîâèÿ, ãàðàíòèðóþùèå äëÿ äàí-

íîé òî÷êè ñîâïàäåíèå çíà÷åíèÿ èíòåãðàëà Ôóðüå ñî çíà÷åíèåì ïðåäñòàâ-
ëÿåìîé èì ôóíêöèè. Îäíàêî ñëåäóåò èìåòü â âèäó, ÷òî òîëüêî íåïðå-
ðûâíîñòè è àáñîëþòíîé èíòåãðèðóåìîñòè ôóíêöèè äëÿ ýòîãî íåäîñòà-
òî÷íî.

Çàäà÷è
Óñòàíîâèòå ôîðìóëû, ñ÷èòàÿ ïàðàìåòð a ïîëîæèòåëüíûì.

1.
+∞∫

0

sin ay

y
cos yx dy =





π/2, åñëè |x| < a,
π/4, åñëè |x| = a,
0, åñëè |x| > a.

2.
+∞∫

0

1− cos ay

y2
cos yx dy =

{
π(a− |x|)/2, åñëè |x| ≤ a,
0, åñëè |x| > a.

3.
+∞∫

0

sin πy

1− y2
sin yx dy =

{
2−1π sin x, åñëè |x| ≤ π,
0, åñëè |x| > π.
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4.
+∞∫

0

cos(πy/2)
1− y2

cos yx dy =
{

2−1π cosx, åñëè |x| ≤ π/2,
0, åñëè |x| > π/2.

5.
+∞∫

0

a cos yx + y sin yx

a2 + y2
dy =





πe−ax, åñëè x > 0,
π/2, åñëè x = 0,
0, åñëè x < 0.

6.
+∞∫

0

sin2 y

y2
cos 2yx dy =

{
π(1− |x|)/2, åñëè |x| ≤ 1,
0, åñëè |x| > 1.

� 3. Ðàçëîæåíèå íà ïîëóïðÿìîé. Ïðÿìîå è îáðàòíîå ñèíóñ- è
êîñèíóñ-ïðåîáðàçîâàíèå Ôóðüå

Ïóñòü ôóíêöèÿ f : R → R ïðåäñòàâèìà ñâîèì èíòåãðàëîì Ôóðüå
(íàïðèìåð, ïóñòü äëÿ íå�å âûïîëíåíû óñëîâèÿ òåîðåìû èç � 2). Òîãäà
äëÿ âñåõ x ∈ R èìååì

f(x) =

+∞∫

0

[a(y) cos yx + b(y) sin yx] dy, (12)

ãäå

a(y) =
1
π

+∞∫

−∞
f(t) cos yt dt, (13)

b(y) =
1
π

+∞∫

−∞
f(t) sin yt dt. (14)

Åñëè, êðîìå òîãî, ôóíêöèÿ f ÷�åòíà, òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ
â (13) îêàçûâàåòñÿ ÷�åòíîé, à çíà÷èò, ýòîò èíòåãðàë ìîæíî çàìåíèòü
óäâîåííûì èíòåãðàëîì ïî ïîëîâèííîìó ïðîìåæóòêó. Ïîäûíòåãðàëüíàÿ
ôóíêöèÿ â (14) ïðè ýòîì îêàçûâàåòñÿ íå÷�åòíîé, è èíòåãðàë â (14) çà-
íóëÿåòñÿ äëÿ âñåõ y. Ïîýòîìó äëÿ ÷�åòíîé ôóíêöèè âìåñòî (12)�(14) ìû
ïîëó÷àåì ñëåäóþùèå áîëåå ïðîñòûå è ñèììåòðè÷íûå ôîðìóëû:

f(x) =

+∞∫

0

a(y) cos yx dy, (15)
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a(y) =
2
π

+∞∫

0

f(t) cos yt dt. (16)

Àíàëîãè÷íî ôîðìóëû (12)�(14) óïðîùàþòñÿ è â ñëó÷àå, êîãäà ôóíê-
öèÿ f íå÷�åòíà. Ïðè ýòîì ðåçóëüòàò âûãëÿäèò òàê:

f(x) =

+∞∫

0

b(y) sin yx dy, (17)

b(y) =
2
π

+∞∫

0

f(t) sin yt dt. (18)

Ïðåäïîëîæèì äàëåå, ÷òî ôóíêöèÿ f çàäàíà ëèøü íà ïîëóïðÿìîé
(0, +∞). Ìîæíî ëè ïðåäñòàâèòü å�å èíòåãðàëîì Ôóðüå? Êîíå÷íî, ìîæ-
íî. Íóæíî ëèøü ïðåäâàðèòåëüíî ïðîäîëæèòü å�å ðàçóìíûì îáðàçîì íà
âñþ ïðÿìóþ. Âîçíèêàþùèé ïðè ýòîì ïðîèçâîë â âûáîðå ïðîäîëæåíèÿ
ìîæíî èñïîëüçîâàòü äëÿ óïðîùåíèÿ ôîðìóë. Â ñàìîì äåëå, ïðîäîëæèâ
ôóíêöèþ f : (0, +∞) → R ÷�åòíûì îáðàçîì, ìû, åñòåñòâåííî, ïðèä�åì
ê ôîðìóëàì (15)�(16). Ïðè ýòîì ôóíêöèÿ a, ïîñòðîåííàÿ ïî ôîðìó-
ëå (16), íàçûâàåòñÿ ïðÿìûì êîñèíóñ-ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè
f , à ôóíêöèÿ f , ïîñòðîåííàÿ ïî ôîðìóëå (15), íàçûâàåòñÿ îáðàòíûì
êîñèíóñ-ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè a. Îáðàòèòå âíèìàíèå åù�å ðàç
íà òî, ÷òî ïðÿìîå è îáðàòíîå êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå ðàçëè÷à-
þòñÿ ëèøü ÷èñëîâûì ìíîæèòåëåì.

Àíàëîãè÷íî, ïðîäîëæèâ ôóíêöèþ f : (0, +∞) → R íå÷�åòíûì îáðà-
çîì, ìû ïîëó÷èì äëÿ å�å èíòåãðàëà Ôóðüå ôîðìóëû (17)�(18). Ïðè ýòîì
ãîâîðÿò, ÷òî ôîðìóëà (17) çàäà�åò ïðÿìîå, à ôîðìóëà (17) � îáðàòíîå
ñèíóñ-ïðåîáðàçîâàíèå Ôóðüå.

Çàäà÷è
Ïðåäñòàâüòå èíòåãðàëîì Ôóðüå ñëåäóþùèå ôóíêöèè, ïðîäîëæèâ èõ

à) ÷�åòíûì è á) íå÷�åòíûì îáðàçîì íà èíòåðâàë (−∞, 0).
7.

f(x) =
{

sin x, åñëè 0 ≤ x ≤ π,
0, åñëè x > π.

8.
f(x) =

{
1, åñëè 0 ≤ x ≤ 1,
0, åñëè x > 1.
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9.
f(x) =

{
x, åñëè 0 ≤ x < 1,
0, åñëè x > 1.

10.
f(x) =

{
2− 3x, åñëè 0 ≤ x ≤ 2/3,
0, åñëè x > 2/3.

Ðåøèòå ñëåäóþùèå èíòåãðàëüíûå óðàâíåíèÿ, ñ÷èòàÿ, ÷òî x èçìåíÿ-
åòñÿ â óêàçàííûõ ïðåäåëàõ.

11.
+∞∫

0

f(y) cos xy dy =
1

1 + x2
, x > 0.

12.
+∞∫

0

f(y) cos xy dy =
1

1 + x2
, x ∈ R.

13.
+∞∫

0

f(y) sin xy dy =
1

1 + x2
, x > 0.

14.
+∞∫

0

f(y) sin xy dy =
1

1 + x2
, x ∈ R.

15.
+∞∫

0

f(y) sin xy dy = e−x, x > 0.

16.
+∞∫

0

f(y) sin xy dy =
{

π
2 sin x, åñëè 0 ≤ x ≤ π,
0, åñëè x > π.

17.
+∞∫

0

f(y) sin xy dy =





π
2 cos x, åñëè 0 ≤ x < π,
−π

4 , åñëè x = π,
0, åñëè x > π.
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18.
+∞∫

0

f(y) sin xy dy = xe−x2
, x > 0.

� 4. Ïðèìåðû âû÷èñëåíèÿ ñèíóñ- è êîñèíóñ-ïðåîáðàçîâàíèÿ
Ôóðüå è ïðåäñòàâëåíèÿ ôóíêöèè å�å èíòåãðàëîì Ôóðüå

Ïóñòü a > 0 è äëÿ âñåõ ïîëîæèòåëüíûõ x ôóíêöèÿ f çàäàíà ôîðìó-
ëîé f(x) = e−ax.

Äëÿ âû÷èñëåíèÿ êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè f äâàæäû
ïðèìåíèì èíòåãðèðîâàíèå ïî ÷àñòÿì:

a(y) =
2
π

+∞∫

0

e−ax cos xy dx =

=
2
π

[
−1

a
e−ax cos xy

∣∣∣∣
x=+∞

x=0

− y

a

+∞∫

0

e−ax sinxy dx

]
=

=
2
π

{
1
a
− y

a

[
−1

a
e−ax sinxy

∣∣∣∣
x=+∞

x=0

+
y

a

+∞∫

0

e−ax cos xy dx

]}
=

=
2
π

(
1
a
− πy2

2a2
a(y)

)
.

Ðàññìàòðèâàÿ ýòî ðàâåíñòâî êàê óðàâíåíèå îòíîñèòåëüíî a(y), íàõîäèì

a(y) =
2
π
· a

a2 + y2
.

Àíàëîãè÷íûé ïðè�åì ìîæåò áûòü ïðèìåí�åí è äëÿ âû÷èñëåíèÿ ñèíóñ-
ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè f . Îïóñêàÿ äåòàëè, óêàæåì òîëüêî ðå-
çóëüòàò:

b(y) =
2
π

+∞∫

0

e−ax sin xy dx =
2
π
· y

a2 + y2
.

Íåçàâèñèìî îò òîãî, ÷�åòíûì èëè íå÷�åòíûì îáðàçîì ïðîäîëæåíà f
íà âñþ ÷èñëîâóþ ïðÿìóþ, ýòî ïðîäîëæåíèå, êàê ëåãêî âèäåòü, áóäåò
àáñîëþòíî èíòåãðèðóåìîé êóñî÷íî-ãëàäêîé ôóíêöèåé. Ñëåäîâàòåëüíî,
íà îñíîâàíèè òåîðåìû î ïðåäñòàâèìîñòè ôóíêöèè ñâîèì èíòåãðàëîì
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Ôóðüå, ìîæåò óòâåðæäàòü, ÷òî ïðè x > 0 ñïðàâåäëèâû ñëåäóþùèå ðà-
âåíñòâà:

e−ax =

+∞∫

0

a(y) cos xy dy =
2a

π

+∞∫

0

cos xy

a2 + y2
dy

è

e−ax =

+∞∫

0

b(y) sin xy dy =
2
π

+∞∫

0

y sin xy

a2 + y2
dy.

Âû óæå âñòðå÷àëè èõ â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà ïðè èçó÷åíèè
òåìû ¾Èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà¿. Òîãäà âû èõ çàïèñûâàëè
ñëåäóþùèì îáðàçîì:

+∞∫

0

cos xy

a2 + y2
dy =

π

2a
e−ax

è
+∞∫

0

y sin xy

a2 + y2
dy =

π

2
e−ax

(a > 0, x > 0) è íàçûâàëè èíòåãðàëàìè Ëàïëàñà. Êàê âèäèòå, òåîðèÿ
èíòåãðàëà Ôóðüå ïîçâîëèëà íàì áåç îñîáûõ óñèëèé âû÷èñëèòü ýòè òðóä-
íûå èíòåãðàëû.

Çàäà÷è
Ñ÷èòàÿ ïàðàìåòð a ïîëîæèòåëüíûì, íàéäèòå êîñèíóñ-ïðåîáðàçîâàíèå

Ôóðüå ñëåäóþùèõ ôóíêöèé, çàäàííûõ íà ïîëóïðÿìîé.
19.

f(x) =
{

1, åñëè 0 < x < a,
0, åñëè x > a.

20.
f(x) =

{
cos x, åñëè 0 < x < a,
0, åñëè x > a.

21. f(x) = e−x2 .

22. f(x) = cos(x2/2).

23. f(x) = sin(x2/2).
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Ñ÷èòàÿ ïàðàìåòð a ïîëîæèòåëüíûì, íàéäèòå ñèíóñ-ïðåîáðàçîâàíèå
Ôóðüå ñëåäóþùèõ ôóíêöèé, çàäàííûõ íà ïîëóïðÿìîé.

24.
f(x) =

{
1, åñëè 0 < x < a,
0, åñëè x > a.

25. f(x) = xe−x2/2.

26. f(x) = x−1 sin x.

� 5. Êîìïëåêñíàÿ ôîðìà èíòåãðàëà Ôóðüå. Ïðåîáðàçîâàíèå
Ôóðüå. Ôîðìóëà îáðàùåíèÿ

Äîïóñòèì, ÷òî ôóíêöèÿ f : R → R ïðåäñòàâèìà ñâîèì èíòåãðàëîì
Ôóðüå:

f(x) =

+∞∫

0

[a(y) cos xy + b(y) sin xy] dy. (17)

Ïîäñòàâèì â (17) âûðàæåíèÿ äëÿ ñèíóñà è êîñèíóñà ïî ôîðìóëàì Ýé-
ëåðà

cos ϕ =
eiϕ + e−iϕ

2
, cos ϕ =

eiϕ − e−iϕ

2i
.

Â ðåçóëüòàòå ïîëó÷èì

f(x) =

+∞∫

0

[
a(y)

eixy + e−ixy

2
+ b(y)

eixy − e−ixy

2i

]
dy =

=

+∞∫

0

a(y)− ib(y)
2

eixy dy +

+∞∫

0

a(y) + ib(y)
2

e−ixy dy. (18)

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ôóíêöèè a âûòåêàåò, ÷òî îíà ÿâëÿ-
åòñÿ ÷�åòíîé:

a(−y) =
1
π

+∞∫

−∞
f(t) cos t(−y) dt =

1
π

+∞∫

−∞
f(t) cos ty dt = a(y).

Àíàëîãè÷íî ôóíêöèÿ b ÿâëÿåòñÿ íå÷�åòíîé. Ó÷èòûâàÿ ýòè îáñòîÿòåëü-
ñòâà, ñäåëàåì çàìåíó ïåðåìåííîé y → −y â ïîñëåäíåì èíòåãðàëå â (18):

f(x) =

+∞∫

0

a(y)− ib(y)
2

eixy dy −
−∞∫

0

a(y)− ib(y)
2

eixy dy =
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=

+∞∫

−∞

a(y)− ib(y)
2

eixy dy.

Èñïîëüçóÿ ôîðìóëó Ýéëåðà eiϕ = cos ϕ+i sin ϕ è îïðåäåëåíèÿ (5)�(6)
êîñèíóñ- è ñèíóñ-ïðåîáðàçîâàíèÿ, ìîæåì çàïèñàòü

a(y)− ib(y)
2

=
1
2π

+∞∫

−∞
f(t)[cos ty − i sin ty] dt =

1
2π

+∞∫

−∞
f(t)e−ity dt.

Òàêèì îáðàçîì, ìû ïîëó÷èëè íîâóþ ôîðìóëó, ýêâèâàëåíòíóþ ôîð-
ìóëå (17):

f(x) =
1
2π

+∞∫

−∞

[ +∞∫

−∞
f(t)e−ity dt

]
eixy dy. (19)

Ïðàâàÿ ÷àñòü ïîñëåäíåãî ðàâåíñòâà íàçûâàåòñÿ êîìïëåêñíîé ôîðìîé
èíòåãðàëà Ôóðüå.

Ðàâåíñòâî (19) íàâîäèò íà ìûñëü ðàññìîòðåòü ïîðîçíü ñëåäóþùèå
äâà ïðåîáðàçîâàíèÿ. Îäíî èç íèõ ñîïîñòàâëÿåò ôóíêöèè f íîâóþ ôóíê-
öèþ f̂ , îïðåäåëÿåìóþ ðàâåíñòâîì

f̂(y) =
1√
2π

+∞∫

−∞
f(x)e−ixy dx.

Ýòî ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðÿìûì ïðåîáðàçîâàíèåì Ôóðüå è îáî-
çíà÷àåòñÿ ÷åðåç F+. Ïðè ýòîì ôóíêöèÿ f̂ = F+[f ] íàçûâàåòñÿ ïðÿìûì
ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè f .

Äðóãîå ïðåîáðàçîâàíèå ñîïîñòàâëÿåò ôóíêöèè g íîâóþ ôóíêöèþ
∨
g,

îïðåäåëÿåìóþ ðàâåíñòâîì

∨
g (x) =

1√
2π

+∞∫

−∞
g(y)eixy dy.

Ýòî ïðåîáðàçîâàíèå íàçûâàåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå è
îáîçíà÷àåòñÿ ÷åðåç F−. Ïðè ýòîì ôóíêöèÿ

∨
g= F−[g] íàçûâàåòñÿ îáðàò-

íûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè g.
Ââåä�åííûå îïðåäåëåíèÿ ïîçâîëÿþò âûñêàçàòü ðàâåíñòâî (19) ñëåäóþ-

ùèì îáðàçîì: ïîñëåäîâàòåëüíîå ïðèìåíåíèå ïðÿìîãî, à çàòåì îáðàòíîãî
ïðåîáðàçîâàíèé Ôóðüå íå èçìåíÿåò ôóíêöèþ. Àíàëîãè÷íî ìîæíî óáå-
äèòüñÿ, ÷òî è ïîñëåäîâàòåëüíîå ïðèìåíåíèå ñíà÷àëà îáðàòíîãî, à çàòåì
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ïðÿìîãî ïðåîáðàçîâàíèé Ôóðüå òàêæå íå èçìåíÿåò èñõîäíóþ ôóíêöèþ.
Ñèìâîëàìè ýòè óòâåðæäåíèÿ çàïèñûâàþò êîðî÷å

f =
∨
f̂=

∨̂
f èëè f = F+[F−[f ]] = F−[F+[f ]]

è íàçûâàþò ôîðìóëàìè îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå.
Â ñèëó ôîðìóë îáðàùåíèÿ, ôóíêöèè f è f̂ â îïðåäåë�åííîì ñìûñëå

ðàâíîïðàâíû. Îäíàêî (äàæå äëÿ âåùåñòâåííî-çíà÷íîé ôóíêöèè f) f̂ ,
âîîáùå ãîâîðÿ, ÿâëÿåòñÿ êîìïëåêñíî-çíà÷íîé. ×òîáû èçáåæàòü òàêîé
àñèììåòðèè, ïðè èçó÷åíèè ïðåîáðàçîâàíèÿ Ôóðüå ìû áóäåì èçíà÷àëüíî
ïðåäïîëàãàòü, ÷òî ðàññìàòðèâàåìûå ôóíêöèè f ïðèíèìàþò êîìïëåêñ-
íûå çíà÷åíèÿ.

Çàäà÷è

27. Äîêàæèòå, ÷òî f̂(x) =
∨
f (−x) è

∨
f (x) = f̂(−x). (Ýòî ïðîñòîå

íàáëþäåíèå ïîçâîëÿåò âî âñåõ ïîñëåäóþùèõ çàäà÷àõ ðåàëüíî âû÷èñëÿòü
òîëüêî ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå.)

28. Äîêàæèòå ëèíåéíîñòü ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé Ôó-
ðüå, ò. å. óñòàíîâèòå, ÷òî äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë a è b ñïðàâåä-
ëèâû ðàâåíñòâà
F+[af + bg] = aF+[f ] + bF+[g] è F−[af + bg] = aF−[f ] + bF−[g].

29. Äîêàæèòå, ÷òî ôîðìóëû îáðàùåíèÿ ñïðàâåäëèâû äëÿ êîìïëåêñíî-
çíà÷íûõ ôóíêöèé, à íå òîëüêî äëÿ âåùåñòâåííî-çíà÷íûõ, êàê áûëî äî-
êàçàíî â òåêñòå.

Ñ÷èòàÿ a âåùåñòâåííûì ÷èñëîì, à f : R → C � íåïðåðûâíîé àá-
ñîëþòíî èíòåãðèðóåìîé ôóíêöèåé, äîêàæèòå ñëåäóþùèå ðàâåíñòâà è
íàéäèòå èõ àíàëîãè äëÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå.

30. F+[eiaxf(x)](y) = F+[f ](y − a), ò. å. ñäâèã ïî ôàçå ó ôóíêöèè
ïðèâîäèò ê ñäâèãó ïî àðãóìåíòó ó å�å ïðåîáðàçîâàíèÿ Ôóðüå.

31. F+[f(x−a)](y) = e−iaxF+[f ](y), ò. å. ñäâèã ïî àðãóìåíòó ó ôóíê-
öèè ïðèâîäèò ê ñäâèãó ïî ôàçå ó å�å ïðåîáðàçîâàíèÿ Ôóðüå.

32. F+[f(x) cos ax](y) = [f̂(y − a) + f̂(y + a)]/2.

33. F+[f(x) sin ax](y) = [f̂(y − a)− f̂(y + a)]/(2i).
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34. Ïóñòü ôóíêöèÿ f è å�å ïåðâàÿ ïðîèçâîäíàÿ íåïðåðûâíû è àáñî-
ëþòíî èíòåãðèðóåìû íà R. Äîêàæèòå ðàâåíñòâà

F+

[
df

dx

]
(y) = (iy)F+[f ](y) è F−

[
df

dx

]
(y) = (−iy)F−[f ](y),

îçíà÷àþùèå, ÷òî ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò (ñ òî÷íîñòüþ äî ÷è-
ñëîâîãî ìíîæèòåëÿ) îïåðàöèþ äèôôåðåíöèðîâàíèÿ â îïåðàöèþ óìíî-
æåíèÿ íà íåçàâèñèìóþ ïåðåìåííóþ.

35. Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà R è ïóñòü, êðîìå òîãî, ôóíêöèè
f(x) è xf(x) àáñîëþòíî èíòåãðèðóåìû íà R. Äîêàæèòå, ÷òî ôóíêöèè f̂

è
∨
f äèôôåðåíöèðóåìû, ïðè÷�åì

df̂

dx
(y) = −iF+[xf(x)](y) è d

∨
f

dx
(y) = iF−[xf(x)](y).

Ýòè ðàâåíñòâà îçíà÷àþò, ÷òî ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò (ñ òî÷íî-
ñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ) îïåðàöèþ óìíîæåíèÿ íà íåçàâèñèìóþ
ïåðåìåííóþ â îïåðàöèþ äèôôåðåíöèðîâàíèÿ.

� 6. Ïðèìåð âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå
Ïóñòü a > 0 è ôóíêöèÿ f : R→ R îïðåäåëåíà ôîðìóëîé f(x) = e−ax2 .

Íàéä�åì f̂ è
∨
f .

Äëÿ íà÷àëà âû÷èñëèì âñïîìîãàòåëüíûé èíòåãðàë

J(a) =

+∞∫

0

e−ax2
cosx dx. (20)

Èíòåãðèðîâàíèå ïî ÷àñòÿì äà�åò

J(a) =

+∞∫

0

e−ax2
d(sin x) =

= e−ax2
sinx

∣∣∣∣
+∞

0

+ 2a

+∞∫

0

xe−ax2
sin x dx == −2a

+∞∫

0

xe−ax2
d(cos x) =

= −2a

[
xe−ax2

cosx

∣∣∣∣
+∞

0

−
+∞∫

0

(e−ax2 − 2ax2e−ax2
) cos x dx

]
=
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= 2a

+∞∫

0

e−ax2
cosx dx− 4a2

+∞∫

0

x2e−ax2
cos x dx.

Çàìåòèâ, ÷òî ïîñëåäíèé èíòåãðàë ìîæíî òðàêòîâàòü êàê âçÿòóþ ñî çíà-
êîì ìèíóñ ïðîèçâîäíóþ ïî ïàðàìåòðó a îò ôóíêöèîíàëà J(a), ìîæåì
ïåðåïèñàòü ýòî ðàâåíñòâî â âèäå

J(a) = 2aJ(a) + 4a2 dJ

da
. (21)

Ïðè âûâîäå ôîðìóëû (21) ìû âûïîëíèëè äèôôåðåíöèðîâàíèå ïîä
çíàêîì èíòåãðàëà â (20). Êàê èçâåñòíî èç êóðñà ìàòåìàòè÷åñêîãî àíàëè-
çà, ýòà îïåðàöèÿ çàêîííà, åñëè èñõîäíûé èíòåãðàë ñõîäèòñÿ, åãî ïîäûí-
òåãðàëüíàÿ ôóíêöèÿ èìååò ïðîèçâîäíóþ ïî ïàðàìåòðó, è ó ýòîé ïðî-
èçâîäíîé åñòü èíòåãðèðóåìàÿ ìàæîðàíòà. Ïðèìåíèòåëüíî ê èíòåãðàëó
J(a) ïðîáëåìó ñîñòàâëÿåò òîëüêî íàëè÷èå èíòåãðèðóåìîé ìàæîðàíòû ó
ïðîèçâîäíîé ïîäûíòåãðàëüíîé ôóíêöèè:

x 7→ x2e−ax2
cosx. (22)

Ôèêñèðîâàâ a0 > 0, âèäèì, ÷òî íåðàâåíñòâî |x2e−ax2
cosx| ≤ x2e−a0x2

ñïðàâåäëèâî äëÿ âñåõ a ∈ [a0/2, +∞) è âñåõ x ∈ R. Òåì ñàìûì ôóíê-
öèÿ x 7→ x2e−a0x2 ÿâëÿåòñÿ èíòåãðèðóåìîé ìàæîðàíòîé äëÿ ôóíêöèè
(22) îòíîñèòåëüíî ïàðàìåòðà a, èçìåíÿþùåãîñÿ â èíòåðâàëå [a0/2, +∞).
Ñëåäîâàòåëüíî, ïî÷ëåííîå äèôôåðåíöèðîâàíèå èíòåãðàëà (20) çàêîííî
â ëþáîé òî÷êå ýòîãî èíòåðâàëà, â òîì ÷èñëå è â òî÷êå a0. Îäíàêî, ïîëî-
æèòåëüíîå ÷èñëî a0 áûëî âûáðàíî ïðîèçâîëüíî. Ñëåäîâàòåëüíî, èíòå-
ãðàë (20) ìîæíî äèôôåðåíöèðîâàòü ïîä çíàêîì èíòåãðàëà ïðè ëþáîì
ïîëîæèòåëüíîì a.

Èòàê, ìû óáåäèëèñü, ÷òî óðàâíåíèå (21) ñïðàâåäëèâî äëÿ âñåõ a > 0.
Ðåøàÿ ýòî óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè îáû÷íûì îáðà-
çîì, ïîñëåäîâàòåëüíî ïîëó÷àåì

(1− 2a)J(a) = 4a2 dJ

da
,

1− 2a

4a2
da =

dJ

J
,

ln J = − 1
4a
− 1

2
ln a + C1, J(a) =

C√
a
e−1/4a, (23)

ãäå C1 è C = eC1 � íåêîòîðûå ïîñòîÿííûå. Òàêèì îáðàçîì, ìû íàøëè
âûðàæåíèå ôóíêöèè J(a) ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ C,
êîíêðåòíîå çíà÷åíèå êîòîðîãî áóäåò íàéäåíî ïîçæå.
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Îáðàòèìñÿ ñîáñòâåííî ê âû÷èñëåíèþ ïðÿìîãî ïðåîáðàçîâàíèÿ Ôóðüå
ôóíêöèè f(x) = e−ax2 :

f̂(y) =
1√
2π

+∞∫

−∞
e−ax2

e−ixy dx =
1√
2π

+∞∫

−∞
e−ax2

[cos xy − i sin xy] dx.

Ïîñëåäíèé èíòåãðàë ïîëó÷åí ñ èñïîëüçîâàíèåì ôîðìóëû Ýéëåðà eiϕ =
cos ϕ + i sinϕ. Ïîñêîëüêó ìíèìàÿ ÷àñòü åãî ïîäûíòåãðàëüíîé ôóíêöèè
íå÷�åòíà ïî x, òî èíòåãðàë îò íå�å ðàâåí íóëþ. Âåùåñòâåííàÿ æå ÷àñòü
åñòü ôóíêöèÿ ÷�åòíàÿ, è èíòåãðàë îò íå�å ïî ñèììåòðè÷íîìó îòíîñèòåëü-
íî íóëÿ ïðîìåæóòêó ðàâåí óäâîåííîìó èíòåãðàëó ïî ïîëîâèííîìó ïðî-
ìåæóòêó. Ïîýòîìó

f̂(y) =
2√
2π

+∞∫

0

e−ax2
cos xy dx.

Ñ÷èòàÿ y îòëè÷íûì îò íóëÿ, ñäåëàåì â ïîñëåäíåì èíòåãðàëå ëèíåé-
íóþ çàìåíó ïåðåìåííîé, ïîëîæèâ x|y| = z, è âîñïîëüçóåìñÿ ôîðìóëîé
(23) äëÿ èíòåãðàëà (20):

f̂(y) =
2

|y|√2π

+∞∫

0

e−az2/y2
cos z dz =

=
2

|y|√2π
· C|y|√

a
e−y2/4a =

2C√
2πa

e−y2/4a, (24)

ãäå ïîñòîÿííàÿ C âñ�å åù�å îñòà�åòñÿ íåîïðåäåë�åííîé.
Âûøå ìû âûâåëè ôîðìóëó (24) äëÿ âñåõ y, íå ðàâíûõ íóëþ. Äîêà-

æåì òåïåðü, ÷òî îíà ñïðàâåäëèâà è äëÿ y = 0. Äëÿ ýòîãî ïðåæäå âñåãî
çàìåòèì, ÷òî ïðàâàÿ ÷àñòü ôîðìóëû (24)

y 7→ 2C√
2πa

e−y2/4a

åñòü ôóíêöèÿ íåïðåðûâíàÿ íà âñåé ÷èñëîâîé ïðÿìîé. Äàëåå óáåäèìñÿ,
÷òî è ëåâàÿ ÷àñòü ôîðìóëû (24)

y 7→ f̂(y) =
1√
2π

+∞∫

−∞
e−ax2

e−ixy dx

òàêæå ÿâëÿåòñÿ ôóíêöèåé, íåïðåðûâíîé íà âñåé ÷èñëîâîé ïðÿìîé. Èç
êóðñà ìàòåìàòè÷åñêîãî àíàëèçà âû çíàåòå, ÷òî èíòåãðàë, çàâèñÿùèé îò
ïàðàìåòðà (â íàøåì ñëó÷àå � îò y), íåïðåðûâåí, åñëè ïîäûíòåãðàëüíàÿ
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ôóíêöèÿ íåïðåðûâíà ïî y è èìååò èíòåãðèðóåìóþ ìàæîðàíòó. Â íàøåì
ñëó÷àå è íåïðåðûâíîñòü ïîäûíòåãðàëüíîé ôóíêöèè

(x, y) 7→ e−ax2
e−ixy

ïî ïàðàìåòðó y, è íàëè÷èå ó íå�å èíòåãðèðóåìîé ìàæîðàíòû

|e−ax2
e−ixy| ≤ e−ax2

â ðàâíîé ñòåïåíè î÷åâèäíû.
Òàêèì îáðàçîì, (24) óòâåðæäàåò, ÷òî äâå íåïðåðûâíûå ôóíêöèè ðàâ-

íû ïðè âñåõ y 6= 0. Íî òîãäà ýòè ôóíêöèè ðàâíû è ïðè y = 0. Ñëåäîâà-
òåëüíî, ðàâåíñòâî (24) ñïðàâåäëèâî äëÿ âñåõ y.

×òîáû íàéòè ïîñòîÿííóþ C, ìû êàê ðàç è ïîäñòàâèì çíà÷åíèå y = 0
â ôîðìóëó (24):

2C√
2πa

= f̂(0) =
1√
2π

+∞∫

−∞
e−ax2

dx.

Ñäåëàâ â ïîñëåäíåì èíòåãðàëå çàìåíó ïåðåìåííîé t =
√

ax, ïîëó÷èì

2C√
2πa

=
1√
2πa

+∞∫

−∞
e−t2 dt.

Îòñþäà, èñïîëüçóÿ èçâåñòíîå èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà çíà÷å-
íèå èíòåãðàëà Ïóàññîíà

+∞∫

−∞
e−t2 dt =

√
π,

íàõîäèì C =
√

π/2 è
f̂(y) =

1√
2a

e−y2/4a.

Ïðè a = 1/2 ýòà ôîðìóëà ñòàíîâèòñÿ îñîáåííî èçÿùíîé:

ê−x2/2(y) = e−y2/2.

Ñëîâàìè å�å ìîæíî âûðàçèòü òàê: ôóíêöèÿ x 7→ e−x2/2 ÿâëÿåòñÿ ñîá-
ñòâåííûì âåêòîðîì ïðÿìîãî ïðåîáðàçîâàíèÿ Ôóðüå, îòâå÷àþùèì ñîá-
ñòâåííîìó çíà÷åíèþ 1 (íóæíî ëèøü âñïîìíèòü, ÷òî ïðåîáðàçîâàíèå Ôó-
ðüå ëèíåéíî, à â êóðñå ëèíåéíîé àëãåáðû âû íàçûâàëè íåíóëåâîé âåêòîð
v, óäîâëåòâîðÿþùèé ðàâåíñòâó Av = λv, ñîáñòâåííûì âåêòîðîì ëèíåé-
íîãî îïåðàòîðà A, îòâå÷àþùèì ñîáñòâåííîìó çíà÷åíèþ λ).
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Íàêîíåö, íàéä�åì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå îò f(x) = e−ax2 .
Íàèáîëåå ïðîñòî ñäåëàòü ýòî, âûðàçèâ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå
ôóíêöèè ÷åðåç å�å ïðÿìîå ïðåîáðàçîâàíèå:

∨
f (y) =

1√
2π

+∞∫

−∞
f(x)e+ixy dx =

=
1√
2π

+∞∫

−∞
f(x)e−ix(−y) dx = f̂(−y) =

1√
2a

e−y2/4a.

Â ÷àñòíîñòè, ìû âèäèì, ÷òî ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå
îò ôóíêöèè f(x) = e−ax2 ñîâïàäàþò ìåæäó ñîáîé.

Çàäà÷è
Íàéäèòå ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóþùèõ ôóíê-

öèé.
36.

f(x) =
{

1, åñëè |x| ≤ 1,
0, åñëè x > 1.

37.
f(x) =

{
x, åñëè |x| ≤ 1,
0, åñëè |x| > 1.

38.
f(x) =

{ |x|, åñëè |x| ≤ 1,
0, åñëè |x| > 1.

39.
f(x) =

{
x2, åñëè |x| ≤ 1,
0, åñëè |x| > 1.

40. f(x) = e−x2/2 cos ax, a ∈ R.

41. f(x) = e−x2/2 sin ax, a ∈ R.

42. f(x) = e−x2/2eiax, a ∈ R.

43. f(x) = xe−a|x|, a > 0.
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44.
f(x) =

d

dx
(xe−|x|).

45.
f(x) =

d

dx
(x2e−|x|).

46.
f(x) =

{
eix, åñëè |x| ≤ π,
0, åñëè |x| > π.

47.
f(x) =

{
cos x, åñëè |x| ≤ π,
0, åñëè |x| > π.

48.
f(x) =

{
sin x, åñëè |x| ≤ π,
0, åñëè |x| > π.

49.
f(x) =

{
eix, åñëè x ∈ [0, π],
0, â ïðîòèâíîì ñëó÷àå.

50.
f(x) =

{
1, åñëè |x| ∈ [1, 2],
0, â ïðîòèâíîì ñëó÷àå.

51.
f(x) =

1
1 + x2

.

52.
f(x) =

d3

dx3

1
1 + x2

.

53. Äîêàæèòå, ÷òî ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f(x) = 1/(1+x12)
èìååò íåïðåðûâíóþ ïðîèçâîäíóþ äåñÿòîãî ïîðÿäêà.

54. Äîêàæèòå, ÷òî ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f(x) = xe−|x|
3

ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèåé.
55. Äîêàæèòå, ÷òî ïðåîáðàçîâàíèå Ôóðüå àáñîëþòíî èíòåãðèðóåìîé

íåïðåðûâíîé ôóíêöèè f : R → C ÿâëÿåòñÿ âåùåñòâåííî-çíà÷íûì, åñëè
è òîëüêî åñëè ðàâåíñòâî f̄(−x) = f(x) ñïðàâåäëèâî äëÿ âñåõ x ∈ R.

56. Ïóñòü f : R → C � àáñîëþòíî èíòåãðèðóåìàÿ íåïðåðûâíàÿ
ôóíêöèÿ. Äîêàæèòå, ÷òîf̂ =

∨
f , åñëè è òîëüêî åñëè f � ÷�åòíàÿ ôóíêöèÿ.
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� 7. Áûñòðî óáûâàþùèå ôóíêöèè
Ïðåäûäóùèì ïàðàãðàôîì çàêîí÷åíî çíàêîìñòâî ñ ïåðâîíà÷àëüíûìè

ôàêòàìè òåîðèè ïðåîáðàçîâàíèÿ Ôóðüå. Â ïîñëåäóþùèõ ïàðàãðàôàõ
ìû âñòà�åì íà áîëåå ïðîäâèíóòóþ òî÷êó çðåíèÿ è ðàçâèâàåì òåîðèþ ïðå-
îáðàçîâàíèÿ Ôóðüå äëÿ òàê íàçûâàåìûõ áûñòðî óáûâàþùèõ ôóíêöèé.
Ýòî ïîçâîëÿåò íàì íå äåëàòü ðàçëè÷èÿ ìåæäó ïðåîáðàçîâàíèÿìè Ôó-
ðüå ôóíêöèé îäíîé èëè íåñêîëüêèõ ïåðåìåííûõ, à òàêæå ñóùåñòâåííî
óïðîùàåò òåõíè÷åñêèå äåòàëè. Íà÷í�åì ñ îïðåäåëåíèé.

Îïðåäåëåíèå 1.Ìóëüòèèíäåêñîì α íàçûâàåòñÿ âåêòîð (α1, . . . , αn),
âñå êîìïîíåíòû αj êîòîðîãî � íåîòðèöàòåëüíûå öåëûå ÷èñëà. Ïðè ýòîì
÷èñëî n íàçûâàþò äëèíîé ìóëüòèèíäåêñà α, ÷èñëî |α| = α1 + α2 + · · ·+
αn � åãî âåñîì è ÷àñòî èñïîëüçóþò îáîçíà÷åíèå α! = α1! · α2! · · · · ·
αn!. Ñóììîé äâóõ ìóëüòèèíäåêñîâ α è β íàçûâàþò íîâûé ìóëüòèèíäåêñ
(α1 + β1, α2 + β2, . . . , αn + βn), îáîçíà÷àÿ åãî ÷åðåç α + β. Ïèøóò α ≤ β,
åñëè äëÿ êàæäîãî j = 1, 2, . . . , n âûïîëíÿåòñÿ íåðàâåíñòâî αj ≤ βj . Äëÿ
ëþáîãî âåêòîðà x ∈ Rn ïðîèçâåäåíèå xα1

1 ·xα2
2 ·· · ··xαn

n êðàòêî çàïèñûâàþò
êàê xα, à äëÿ ëþáîé (äîñòàòî÷íî ãëàäêîé) ôóíêöèè f : Rn → C å�å
ïðîèçâîäíóþ

∂|α|f
∂xα1

1 · ∂xα2
2 · · · · · ∂xαn

n

êðàòêî çàïèñûâàþò êàê Dαf . Ýòè îáîçíà÷åíèÿ ñóùåñòâåííî ñîêðàùàþò
ôîðìóëû.

Îïðåäåëåíèå 2. Ôóíêöèþ f : Rn → C íàçûâàþò áûñòðî óáûâà-
þùåé, åñëè 1) f áåñêîíå÷íî äèôôåðåíöèðóåìà â Rn è 2) äëÿ êàæäî-
ãî ìóëüòèèíäåêñà α è êàæäîãî ïîëîæèòåëüíîãî ÷èñëà p íàéä�åòñÿ ïî-
ñòîÿííàÿ Kα,p < +∞ òàêàÿ, ÷òî |Dαf(x)| ≤ Kα,p/(1 + |x|p) äëÿ âñåõ
x ∈ Rn. Çäåñü |x| îáîçíà÷àåò äëèíó âåêòîðà x = (x1, x2, . . . , xn): |x| =
(x2

1 + x2
2 + · · ·+ x2

n)1/2.
Îïðåäåëåíèå 3. Ôóíêöèþ f : Rn → C íàçûâàþò áûñòðî óáûâà-

þùåé, åñëè 1) f áåñêîíå÷íî äèôôåðåíöèðóåìà â Rn è 2) äëÿ ëþáûõ
ìóëüòèèíäåêñîâ α, β ôóíêöèÿ x 7→ xαDβf(x) îãðàíè÷åíà â Rn (ò. å.
íàéä�åòñÿ ïîñòîÿííàÿ Cα,β < +∞ òàêàÿ, ÷òî |xαDβf(x)| ≤ Cα,β äëÿ âñåõ
x ∈ Rn).

Ëåììà. Îïðåäåëåíèÿ 2 è 3 ýêâèâàëåíòíû.
Äîêàçàòåëüñòâî ëåììû ìû îïóñêàåì, ïîñêîëüêó îíî íîñèò ÷èñòî òåõ-

íè÷åñêèé õàðàêòåð.
Ïðåæäå ÷åì ïðèâåñòè ïðèìåðû áûñòðî óáûâàþùèõ ôóíêöèé, íàïî-

ìíèì ñëåäóþùèé ôàêò, èçâåñòíûé èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà:
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ôóíêöèÿ ω : R→ R, çàäàííàÿ ôîðìóëîé

ω(x) =
{

0, åñëè x ≤ 0,
e−1/x, åñëè x > 0,

îáëàäàåò ñâîéñòâàìè
(a) ω(x) ≥ 0 äëÿ âñåõ x ∈ R;
(b) ω(x) > 0 äëÿ x > 0;
(c) ω(x) = 0 äëÿ x < 0;
(d) ω áåñêîíå÷íî äèôôåðåíöèðóåìà â R.
Íàïîìíèì, ÷òî ñâîéñòâî (d) óñòàíàâëèâàåòñÿ ñëåäóþùèì îáðàçîì.

Î÷åâèäíî, äëÿ ëþáûõ m ≥ 1 è x < 0 m-ÿ ïðîèçâîäíàÿ ôóíêöèè ω
â òî÷êå x ñóùåñòâóåò è ðàâíà 0. Èíäóêöèåé ïî m íåñëîæíî ïîêàçàòü,
÷òî äëÿ ëþáûõ m ≥ 1 è x > 0 m-ÿ ïðîèçâîäíàÿ ôóíêöèè ω â òî÷êå x
ñóùåñòâóåò è èìååò âèä

dmω

dxm
(x) = Pm

(
1
x

)
e−1/x,

ãäå Pm � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè m. Ïîñêîëüêó íà ïëþñ áåñêî-
íå÷íîñòè ýêñïîíåíòà ðàñò�åò áûñòðåå ëþáîãî ìíîãî÷ëåíà, òî ïîñëåäíåå
âûðàæåíèå ñòðåìèòñÿ ê íóëþ ïðè x, ñòðåìÿùåìñÿ ê íóëþ ñïðàâà. Îòñþ-
äà âûòåêàåò, ÷òî ôóíêöèÿ dmω/dxm èìååò (ïåðâóþ) ïðîèçâîäíóþ â íóëå
è îíà ðàâíà íóëþ. Çíà÷èò, ω èìååò âñå ïðîèçâîäíûå â íóëå, à çíà÷èò �
ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé.

Íàïîìíèì òàêæå, ÷òî ôóíêöèÿ f : Rn → C íàçûâàåòñÿ ôèíèòíîé,
åñëè îíà çàíóëÿåòñÿ âíå íåêîòîðîãî øàðà êîíå÷íîãî ðàäèóñà, ò. å. åñëè
ñóùåñòâóåò ÷èñëî R < +∞ òàêîå, ÷òî f(x) = 0 äëÿ âñåõ x ∈ Rn, äëÿ
êîòîðûõ |x| > R.

Èç ñêàçàííîãî ñëåäóåò, ÷òî ïðè ëþáîì âûáîðå x0 ∈ Rn è ε > 0 ôóíê-
öèÿ ωx0,ε : Rn → R, îïðåäåë�åííàÿ ôîðìóëîé ωx0,ε(x) = ω(ε2− |x−x0|2),
îáëàäàåò ñâîéñòâàìè:

(i) ωx0,ε áåñêîíå÷íî äèôôåðåíöèðóåìà â Rn (êàê ñóïåðïîçèöèÿ ìíî-
ãî÷ëåíà ε2 − |x− x0|2 è áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèè ω);

(ii) ωx0,ε ôèíèòíà, òî÷íåå, ωx0,ε(x) = 0 äëÿ âñåõ x ∈ Rn òàêèõ, ÷òî |x−
x0| > ε (âåäü äëÿ òàêèõ x àðãóìåíò ε2− |x−x0|2 ôóíêöèè ω ñòàíîâèòñÿ
îòðèöàòåëüíûì);

(iii) ωx0,ε ñòðîãî ïîëîæèòåëüíà â îòêðûòîì øàðå |x− x0| < ε.
Äðóãèìè ñëîâàìè, ôóíêöèÿ ωx0,ε ÿâëÿåòñÿ íåîòðèöàòåëüíîé (è íå

ðàâíîé òîæäåñòâåííîìó íóëþ) áåñêîíå÷íî äèôôåðåíöèðóåìîé ôèíèò-
íîé ôóíêöèåé. Òàêèå ôóíêöèè áóäóò íàì íóæíû íå òîëüêî ïðè èçó-
÷åíèè ïðåîáðàçîâàíèÿ Ôóðüå; ìû âñåãäà áóäåì èñïîëüçîâàòü äëÿ íèõ
ââåä�åííîå îáîçíà÷åíèå ωx0,ε.
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Òåïåðü ìû ãîòîâû ïðèâåñòè ïðèìåðû áûñòðî óáûâàþùèõ ôóíêöèé.
1) Ëþáàÿ ôèíèòíàÿ áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ÿâëÿåò-

ñÿ áûñòðî óáûâàþùåé.
Äîêàçàòåëüñòâî. Ôèêñèðóåì ìóëüòèèíäåêñû α è β è ïðåäïîëîæèì,

÷òî íàì äàíà áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôèíèòíàÿ ôóíêöèÿ f , çà-
íóëÿþùàÿñÿ ïðè âñåõ |x| > R. Î÷åâèäíî, ïðè ýòîì è å�å ïðîèçâîäíàÿ
Dβf çàíóëÿåòñÿ ïðè âñåõ |x| > R. Ñ äðóãîé ñòîðîíû, ìíîæåñòâî |x| ≤ R
êîìïàêòíî, à çíà÷èò (ïî òåîðåìå Âåéåðøòðàññà), íåïðåðûâíàÿ ôóíê-
öèÿ x 7→ |xαDβf(x)| äîñòèãàåò íà í�åì ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ.
Îáîçíà÷èâ ýòî ìàêñèìàëüíîå çíà÷åíèå ÷åðåç Cα,β , ìîæåì çàïèñàòü

sup
x∈Rn

|xαDβf(x)| = sup
|x|≤R

|xαDβf(x)| ≤ Cα,β < +∞.

Íà îñíîâàíèè îïðåäåëåíèÿ 3, îòñþäà ñëåäóåò, ÷òî f � áûñòðî óáûâàþ-
ùàÿ ôóíêöèÿ.

2) Åñëè a1, a2, . . . , an � ïîëîæèòåëüíûå ÷èñëà, òî ôóíêöèÿ f(x) =
f(x1, x2, . . . , xn) = e−a1x2

1−a2x2
2−···−anx2

n ÿâëÿåòñÿ áûñòðî óáûâàþùåé.
Äîêàçàòåëüñòâî ñëåäóåò èç òîãî, ÷òî ëþáàÿ ïðîèçâîäíàÿ ôóíêöèè f

èìååò âèä ¾ìíîãî÷ëåí îò x1, x2, . . . , xn, óìíîæåííûé íà f¿, à ýêñïîíåíòà
íà ïëþñ áåñêîíå÷íîñòè ðàñò�åò áûñòðåå ëþáîãî ìíîãî÷ëåíà.

Îòìåòèì, ÷òî ôóíêöèÿ èç ïðèìåðà 2, ÿâëÿÿñü áûñòðî óáûâàþùåé, íå
ÿâëÿåòñÿ, îäíàêî, ôèíèòíîé.

Îáñóäèì ïîëåçíûå äëÿ äàëüíåéøåãî èçëîæåíèÿ ñâîéñòâà áûñòðî óáû-
âàþùèõ ôóíêöèé.

1) Åñëè f è g � áûñòðî óáûâàþùèå ôóíêöèè, òî äëÿ ëþáûõ êîì-
ïëåêñíûõ ÷èñåë a è b ôóíêöèÿ af + bg ÿâëÿåòñÿ áûñòðî óáûâàþùåé.

Äîêàçàòåëüñòâî. Òî, ÷òî ëèíåéíàÿ êîìáèíàöèÿ äâóõ áåñêîíå÷íî
äèôôåðåíöèðóåìûõ ôóíêöèé áåñêîíå÷íî äèôôåðåíöèðóåìà � õîðîøî
èçâåñòíî. Íåðàâåíñòâî æå, ó÷àñòâóþùåå â îïðåäåëåíèè 3, íåïîñðåäñòâåí-
íî âûòåêàåò èç ñàìûõ îáùèõ ñâîéñòâ ñóïðåìóìà ôóíêöèè:

sup
x∈Rn

|xαDβ(af + bg)| = sup
x∈Rn

|axαDβf(x) + bxαDβg(x)| ≤

≤ |a| sup
x∈Rn

|xαDβf(x)|+ |b| sup
x∈Rn

|xαDβg(x)| < +∞.

2) Åñëè f � áûñòðî óáûâàþùàÿ ôóíêöèÿ, òî äëÿ ëþáîãî ìóëüòè-
èíäåêñà α ôóíêöèÿ Dαf òàêæå ÿâëÿåòñÿ áûñòðî óáûâàþùåé.

Äîêàçàòåëüñòâî. Ëþáàÿ ïðîèçâîäíàÿ áåñêîíå÷íî äèôôåðåíöèðóå-
ìîé ôóíêöèè ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèåé. Ïî-
ýòîìó Dαf � áåñêîíå÷íî äèôôåðåíöèðóåìà.
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Ñ äðóãîé ñòîðîíû, ïîñêîëüêó f � áûñòðî óáûâàþùàÿ, òî, ñîãëàñ-
íî îïðåäåëåíèþ 3, äëÿ ëþáûõ ìóëüòèèíäåêñîâ β è γ íàéä�åòñÿ ïîñòî-
ÿííàÿ Cβ,γ òàêàÿ, ÷òî |xβDγf(x)| ≤ Cβ,γ äëÿ âñåõ x ∈ Rn. Íî òîãäà
|xβDγ [Dαf(x)]| = |xβDα+γf(x)| ≤ Cβ,α+γ < +∞ äëÿ âñåõ x ∈ Rn. À
çíà÷èò, Dαf � áûñòðî óáûâàþùàÿ ôóíêöèÿ.

3) Åñëè f � áûñòðî óáûâàþùàÿ ôóíêöèÿ, òî äëÿ ëþáîãî ìóëüòè-
èíäåêñà α ôóíêöèÿ xαf ÿâëÿåòñÿ áûñòðî óáûâàþùåé.

Äîêàçàòåëüñòâî. Èç èçâåñòíîé âàì èç êóðñà ìàòåìàòè÷åñêîãî àíà-
ëèçà ôîðìóëû Ëåéáíèöà äëÿ ïðîèçâåäåíèÿ ôóíêöèé

d

dx
(u · v) = u · dv

dx
+

du

dx
· v

ñëåäóåò, ÷òî
Dα(u · v) =

∑

β≤α

Cβ
α(Dβu) · (Dα−βv),

ãäå Cβ
α � íåêîòîðûå ïîñòîÿííûå. Ïîýòîìó

Dγ(xαf(x)) =
∑

δ≤γ

Kδ
γxα−δ(Dγ−δf),

ãäå Kδ
γ � íåêîòîðûå ïîñòîÿííûå. Ñëåäîâàòåëüíî,

|xβDγ(xαf(x))| ≤
∑

δ≤γ

|Kδ
γ | sup

x∈Rn

|xα+β−δ(Dγ−δf(x))| < +∞,

ïîñêîëüêó êàæäîå ñëàãàåìîå â ïîñëåäíåé ñóììå êîíå÷íî ââèäó òîãî, ÷òî
f áûñòðî óáûâàåò, à ÷èñëî ñëàãàåìûõ êîíå÷íî.

4)Ïðîèçâåäåíèå áûñòðî óáûâàþùåé ôóíêöèè íà ìíîãî÷ëåí åñòü ôóíê-
öèÿ áûñòðî óáûâàþùàÿ.

Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç ñâîéñòâ 1 è 3.
Çàìåòèì, ÷òî, ñîãëàñíî ñâîéñòâó 1, ñîâîêóïíîñòü âñåõ áûñòðî óáûâà-

þùèõ ôóíêöèé, çàäàííûõ â ïðîñòðàíñòâå Rn, îáðàçóåò âåêòîðíîå ïðî-
ñòðàíñòâî îòíîñèòåëüíî îáû÷íûõ îïåðàöèé ñëîæåíèÿ ôóíêöèé è óìíî-
æåíèÿ ôóíêöèè íà ÷èñëî. Ýòî ïðîñòðàíñòâî îáîçíà÷àþò ÷åðåç S(Rn)
èëè S(Rn).

Çàäà÷è
Ñ÷èòàÿ α è β ìóëüòèèíäåêñàìè, äîêàæèòå ñëåäóþùèå ¾ìíîãîìåðíûå

âàðèàíòû¿ èçâåñòíûõ âàì ôîðìóë.
57. Áèíîì Íüþòîíà:

(x + y)α =
∑

β≤α

α!
β!(α− β)!

xβyα−β ,
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ãäå x, y ∈ Rn.

58. ∑

β≤α

α!
β!(α− β)!

= 2|α|.

59. Ôîðìóëà Ëåéáíèöà:

Dα(fg) =
∑

β≤α

α!
β!(α− β)!

(Dβf)(Dα−βg),

ãäå f è g � äîñòàòî÷íî ãëàäêèå ôóíêöèè â Rn.

60. Ôîðìóëà Òåéëîðà:

f(x + y) =
∑

|α|≤m

[Dαf(x)]
yα

α!
+ r(y)|y|m,

ãäå x, y ∈ Rn, à f è r � ôóíêöèè â Rn, ïðè÷�åì r(y) → 0 ïðè y → 0.

61. Ïðîâåðüòå, ÷òî ôóíêöèÿ e−a|x| (a > 0), êàê è âñå å�å ïðîèçâîä-
íûå, îïðåäåë�åííûå ïðè x 6= 0, óáûâàåò íà áåñêîíå÷íîñòè áûñòðåå ëþáîé
ñòåïåíè ïåðåìåííîé x è, òåì íå ìåíåå, ýòà ôóíêöèÿ íå ÿâëÿåòñÿ áûñòðî
óáûâàþùåé.

� 8. Ïðåîáðàçîâàíèå Ôóðüå áûñòðî óáûâàþùèõ ôóíêöèé
Îïðåäåëåíèå. Áûñòðî óáûâàþùåé ôóíêöèè f : Rn → C ñîïîñòàâèì

äâå íîâûå ôóíêöèè

f̂(y) = (2π)−n/2

∫

Rn

f(x)e−i(x,y) dx

è
∨
f (y) = (2π)−n/2

∫

Rn

f(x)e+i(x,y) dx,

ãäå (x, y) =
n∑

j=1

xjyj � ñêàëÿðíîå ïðîèçâåäåíèå â Rn, à i � ìíèìàÿ
åäèíèöà.

Ïðåîáðàçîâàíèå, ïåðåâîäÿùåå ôóíêöèþ f â ôóíêöèþ f̂ , íàçûâàåò-
ñÿ ïðÿìûì ïðåîáðàçîâàíèåì Ôóðüå è îáîçíà÷àåòñÿ ÷åðåç F+. Ïðè ýòîì
ñàìó ôóíêöèþ f̂ = F+[f ] íàçûâàþò ïðÿìûì ïðåîáðàçîâàíèåì Ôóðüå
ôóíêöèè f .
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Àíàëîãè÷íî ïðåîáðàçîâàíèå, ïåðåâîäÿùåå f â
∨
f , íàçûâàåòñÿ îáðàò-

íûì ïðåîáðàçîâàíèåì Ôóðüå è îáîçíà÷àåòñÿ ÷åðåç F−. Ïðè ýòîì ôóíê-
öèþ

∨
f =F−[f ] íàçûâàþò îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè

f .
Îòìåòèì, ÷òî èíòåãðàëû, çàäàþùèå ïðÿìîå è îáðàòíîå ïðåîáðàçî-

âàíèÿ Ôóðüå, ÿâëÿþòñÿ ñõîäÿùèìèñÿ, ïîñêîëüêó ìîäóëü ýêñïîíåíòû ñ
÷èñòî ìíèìûì ïîêàçàòåëåì ðàâåí åäèíèöå è äëÿ ëþáîãî p > 0 áûñòðî
óáûâàþùàÿ ôóíêöèÿ f äîïóñêàåò îöåíêó

|f(x)| ≤ C

1 + |x|p ,

ñïðàâåäëèâóþ ñ íåêîòîðîé ïîñòîÿííîé C < +∞ äëÿ âñåõ x ∈ Rn. Çíà-
÷èò,

|f(x)e∓i(x,y)| = |f(x)| ≤ C

1 + |x|p ,

à, êàê èçâåñòíî èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà, ïîñëåäíÿÿ ôóíêöèÿ
èíòåãðèðóåìà ïî âñåìó ïðîñòðàíñòâó Rn, åñëè òîëüêî p > n.

Îòìåòèì òàêæå, ÷òî ïðè n = 1 îïðåäåëåíèå ïðåîáðàçîâàíèÿ Ôóðüå,
äàííîå â íàñòîÿùåì ïàðàãðàôå, ñîâïàäàåò ñ îïðåäåëåíèåì, äàííûì ðà-
íåå â � 5.

Ðàññìîòðèì íàèáîëåå óïîòðåáèòåëüíûå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôó-
ðüå áûñòðî óáûâàþùèõ ôóíêöèé.

1) Ïðåîáðàçîâàíèå Ôóðüå ëèíåéíî, òî åñòü äëÿ ëþáûõ a, b ∈ C è
ëþáûõ f, g ∈ S(Rn) ñïðàâåäëèâû ðàâåíñòâà F±[af+bg] = aF±[f ]+bF±[g].

Äîêàçàòåëüñòâî íåìåäëåííî ñëåäóåò èç ëèíåéíîñòè èíòåãðàëà:

F±[af + bg](y) = (2π)−n/2

∫

Rn

[af(x) + bg(x)]e∓i(x,y) dx =

= a(2π)−n/2

∫

Rn

f(x)e∓i(x,y) dx + b(2π)−n/2

∫

Rn

g(x)e∓i(x,y) dx =

= aF±[f ](y) + bF±[g](y).
2) Äëÿ ëþáîãî ìóëüòèèíäåêñà α è ëþáîé áûñòðî óáûâàþùåé ôóíê-

öèè f ñïðàâåäëèâû ðàâåíñòâà
F±[xαf(x)] = (±i)|α|Dα(F±[f ]).

Äîêàçàòåëüñòâî âûòåêàåò èç ñëåäóþùåãî âû÷èñëåíèÿ:

Dα

(
F±[f ](y)

)
= Dα

[
(2π)−n/2

∫

Rn

f(x)e∓i(x,y) dx

]
=
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= (äèôôåðåíöèðóåì ïîä çíàêîì èíòåãðàëà) =

= (2π)−n/2

∫

Rn

f(x1, . . . , xn)
∂|α|e∓i(x1y1+···+xnyn)

∂yα1
1 . . . ∂yαn

n
dx1 . . . dxn = (2π)−n/2×

×
∫

Rn

(∓ix1)α1 . . . (∓ixn)αnf(x1, . . . , xn)e∓i(x1y1+···+xnyn) dx1 . . . dxn =

= (∓i)|α|(2π)−n/2

∫

Rn

xαf(x)e∓i(x,y) dx = (∓i)|α|F±[xαf(x)](y).

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà íàì îñòàëîñü îáîñíîâàòü çàêîííîñòü
äèôôåðåíöèðîâàíèÿ ïîä çíàêîì èíòåãðàëà. Äëÿ ýòîãî, êàê èçâåñòíî,
äîñòàòî÷íî óáåäèòüñÿ â íàëè÷èè èíòåãðèðóåìîé ìàæîðàíòû äëÿ ïðî-
èçâîäíîé x 7→ xαf(x)e∓i(x,y) îò åãî ïîäûíòåãðàëüíîé ôóíêöèè. Òàêàÿ
ìàæîðàíòà äåéñòâèòåëüíî áåç òðóäà ìîæåò áûòü óêàçàíà, íàäî ëèøü
ïðèíÿòü âî âíèìàíèå, ÷òî ôóíêöèÿ x 7→ xαf(x) ÿâëÿåòñÿ áûñòðî óáû-
âàþùåé, à ìîäóëü ýêñïîíåíòû ñ ÷èñòî ìíèìûì ïîêàçàòåëåì ðàâåí åäè-
íèöå:

|xαf(x)e∓i(x,y)| = |xαf(x)| ≤ C

1 + |x|p ,

ãäå â êà÷åñòâå p ñëåäóåò âçÿòü ëþáîå ÷èñëî, á�îëüøåå n.
Â äàëüíåéøåì ìû íå áóäåì äåòàëüíî îáîñíîâûâàòü çàêîííîñòü îïå-

ðàöèé, êîòîðûå íàì ïðèä�åòñÿ ïðîèçâîäèòü ïîä çíàêîì èíòåãðàëà, îñòàâ-
ëÿÿ ñîîòâåòñòâóþùèå âîïðîñû ÷èòàòåëþ. Ïðè÷èíà êðîåòñÿ â åäèíîîá-
ðàçèè ïîäîáíûõ ðàññóæäåíèé: êàæäûé ðàç ðåøàþùóþ ðîëü èãðàåò íà-
ëè÷èå èíòåãðèðóåìîé ìàæîðàíòû ó íåêîòîðîãî âûðàæåíèÿ; ñàìà æå ìà-
æîðàíòà êàæäûé ðàç ñòðîèòñÿ áåç ïðîáëåì, ïîñêîëüêó ìû ðàáîòàåì ñ
áûñòðî óáûâàþùèìè ôóíêöèÿìè.

3) Äëÿ ëþáîãî ìóëüòèèíäåêñà α è ëþáîé áûñòðî óáûâàþùåé ôóíê-
öèè f ñïðàâåäëèâû ðàâåíñòâà

F±[Dαf(x)](y) = (±iy)α(F±f)(y).

Äîêàçàòåëüñòâî âûòåêàåò èç ñëåäóþùèõ âû÷èñëåíèé:

F±[Dαf(x)](y) = (2π)−n/2

∫

Rn

[Dαf(x)]e∓i(x,y) dx =
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=(ïðåâðàùàåì êðàòíûé èíòåãðàë â ïîâòîðíûé, âûäåëÿÿ â êà÷åñòâå âíó-
òðåííåãî îäíîìåðíûé èíòåãðàë ïî ïåðåìåííîé x1)=

= (2π)−n/2

∫

Rn−1

{ +∞∫

−∞

∂

∂x1

[
∂|α|−1f

∂xα1−1
1 ∂xα2

2 . . . ∂xαn
n

]
e∓ix1y1 dx1

}
×

×e∓i(x2y2+···+xnyn) dx2 . . . dxn. (25)
Ïðèìåíÿÿ ê âíóòðåííåìó èíòåãðàëó ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷à-
ñòÿì, ïîëó÷àåì äëÿ íåãî ñëåäóþùåå âûðàæåíèå:

∂|α|f
∂xα1

1 ∂xα2
2 . . . ∂xαn

n
e∓ix1y1

∣∣∣∣
+∞

−∞
−

+∞∫

−∞
(∓iy1)

∂|α|−1f

∂xα1−1
1 ∂xα2

2 . . . ∂xαn
n

e∓ix1y1 dx1.

Ïîñêîëüêó ôóíêöèÿ f � áûñòðî óáûâàþùàÿ, òî âíåèíòåãðàëüíûå ñëà-
ãàåìûå çàíóëÿþòñÿ. Ïîýòîìó ìû ìîæåì ïðîäîëæèòü ðàâåíñòâî (25) ñëå-
äóþùèì îáðàçîì:

F±[Dαf(x)](y) = (±iy1)(2π)−n/2

∫

Rn

∂|α|−1f

∂xα1−1
1 ∂xα2

2 . . . ∂xαn
n

e∓i(x,y) dx.

Òàêèì îáðàçîì, íàì óäàëîñü ïîíèçèòü ïîðÿäîê äèôôåðåíöèðîâàíèÿ
ïî ïåðåìåííîé x1 íà åäèíèöó, íî ïðè ýòîì èç-ïîä çíàêà èíòåãðàëà ¾âû-
ñêî÷èë¿ äîïîëíèòåëüíûé ìíîæèòåëü ±iy1. Ïðèìåíÿÿ ïîäîáíûå ðàññó-
æäåíèÿ ìíîãîêðàòíî ê êàæäîé èç ïåðåìåííûõ x1, x2, . . . , xn, ìû ìîæåì
ïîëíîñòüþ èçáàâèòüñÿ îò ïðîèçâîäíûõ ôóíêöèè f . Ïðè ýòîì ïîëó÷èì

F±[Dαf(x)](y) = (±iy1)α1 . . . (±iyn)αn(2π)−n/2

∫

Rn

f(x)e∓i(x,y) dx =

= (±iy)αF±[f ](y).
Ñâîéñòâà 2 è 3 èíîãäà âûðàæàþò ñëîâàìè, ãîâîðÿ, ÷òî ïðåîáðàçîâà-

íèå Ôóðüå ïåðåâîäèò (ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ) îïåðà-
öèþ óìíîæåíèÿ íà íåçàâèñèìóþ ïåðåìåííóþ â îïåðàöèþ äèôôåðåíöè-
ðîâàíèÿ è íàîáîðîò.

4) Ïóñòü A � íåâûðîæäåííàÿ n×n-ìàòðèöà, b � n-ìåðíûé âåêòîð
è f : Rn → C � áûñòðî óáûâàþùàÿ ôóíêöèÿ. Òîãäà

F±[f(Ax + b)](y) = |det A|−1e±i(y,A−1b)F±[f(x)]((A−1)∗y).

Çäåñü A−1 îáîçíà÷àåò ìàòðèöó, îáðàòíóþ ê A, à (A−1)∗ îáîçíà÷àåò ìàò-
ðèöó, ñîïðÿæ�åííóþ ê A−1, ò. å. òàêóþ (åäèíñòâåííûì îáðàçîì îïðå-
äåë�åííóþ) ìàòðèöó, ÷òî äëÿ ëþáûõ âåêòîðîâ u, v ∈ Rn ñïðàâåäëèâî
ðàâåíñòâî (A−1u, v) = (u, (A−1)∗v).
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Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç ôîðìóëû çàìåíû ïå-
ðåìåííîé â êðàòíîì èíòåãðàëå:

F±[f(Ax + b)](y) = (2π)−n/2

∫

Rn

f(Ax + b)e∓i(x,y) dx =

=(äåëàåì çàìåíó ïåðåìåííûõ Ax + b = z)=

= (2π)−n/2

∫

Rn

f(z)e∓i(A−1z−A−1b,y)|det A|−1 dz =

= | detA|−1e±i(y,A−1b)(2π)−n/2

∫

Rn

f(z)e∓i(z,(A−1)∗y) dz =

= |det A|−1e±i(y,A−1b)F±[f(x)]((A−1)∗y).

Ñâîéñòâî 4 ïîêàçûâàåò, êàê ìåíÿåòñÿ ïðåîáðàçîâàíèå Ôóðüå, êîãäà â
èñõîäíîé ôóíêöèè äåëàåòñÿ ëèíåéíàÿ íåâûðîæäåííàÿ çàìåíà ïåðåìåí-
íûõ. Íèæå ìû ïðèâîäèì äâà íàèáîëåå ÷àñòî èñïîëüçóåìûõ ñëåäñòâèÿ
ñâîéñòâà 4.

5) Åñëè f : Rn → C � áûñòðî óáûâàþùàÿ ôóíêöèÿ, à x0 ∈ Rn, òî
F±[f(x− x0)](y) = e∓i(y,x0)F±[f ](y).

Äîêàçàòåëüñòâî ìîæåò áûòü ïîëó÷åíî íåïîñðåäñòâåííûì ïðèìåíå-
íèåì ñâîéñòâà 4 äëÿ ñëó÷àÿ, êîãäà A � åäèíè÷íàÿ ìàòðèöà, à b = −x0.
Îòìåòèì òîëüêî, ÷òî ïðè ýòîì A−1 = (A−1)∗ òàêæå ÿâëÿåòñÿ åäèíè÷íîé
ìàòðèöåé.

Ñâîéñòâî 5 èçâåñòíî â ëèòåðàòóðå êàê òåîðåìà î ñäâèãå. Ñëîâàìè å�å
ôîðìóëèðóþò òàê: ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò ñäâèã ïî àðãóìåíòó
â ñäâèã ïî ôàçå.

6) Åñëè f : Rn → C � áûñòðî óáûâàþùàÿ ôóíêöèÿ, à a � îòëè÷íîå
îò íóëÿ âåùåñòâåííîå ÷èñëî, òî

F±[f(ax)](y) =
1
|a|n F±[f(x)]

(
y

a

)
.

Äîêàçàòåëüñòâî îïÿòü ìîæåò áûòü ïîëó÷åíî íåïîñðåäñòâåííûì ïðè-
ìåíåíèåì ñâîéñòâà 4. Íà ýòîò ðàç âåêòîð b íàäî ñ÷èòàòü ðàâíûì íóëþ,
à ìàòðèöó A � äèàãîíàëüíîé, ó êîòîðîé íà ãëàâíîé äèàãîíàëè ñòîèò
÷èñëî a:

A =




a 0 . . . 0
0 a . . . 0

. . . . . . . . . . . .
0 0 . . . a


 .
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Ïðè ýòîì detA = an è

A−1 = (A−1)∗ =




a−1 0 . . . 0
0 a−1 . . . 0

. . . . . . . . . . . .
0 0 . . . a−1


 ,

à çíà÷èò, (A−1)∗y = y/a.
Ñâîéñòâî 6 îáû÷íî íàçûâàþò ïðàâèëîì èçìåíåíèÿ ìàñøòàáà.
7) Êàê ïðÿìîå, òàê è îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò ïðî-

ñòðàíñòâî áûñòðî óáûâàþùèõ ôóíêöèé â ñåáÿ. Äðóãèìè ñëîâàìè, êà-
êîâà áû íè áûëà ôóíêöèÿ f ∈ S(Rn), îáå ôóíêöèè F±[f ] ïðèíàäëåæàò
S(Rn).

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå âñåõ ïðîèçâîäíûõ ó ôóíêöèé F±[f ]
óæå óñòàíîâëåíî â ñâîéñòâå 2. Ïîýòîìó äîñòàòî÷íî ïðîâåðèòü ëèøü òî,
÷òî äëÿ ëþáûõ ìóëüòèèíäåêñîâ α è β ôóíêöèÿ y 7→ |yαDβF±[f(x)](y)|
îãðàíè÷åíà â Rn. Äëÿ ýòîãî, â ñâîþ î÷åðåäü, äîñòàòî÷íî óáåäèòüñÿ, ÷òî
ýòà ôóíêöèÿ ñòðåìèòñÿ ê íóëþ ïðè y, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè. Íî
åñëè âåêòîð y = (y1, . . . , yn) ñòðåìèòñÿ ê áåñêîíå÷íîñòè, òî õîòÿ áû îäíà
èç åãî êîìïîíåíò ñòðåìèòñÿ ê áåñêîíå÷íîñòè. Íå îãðàíè÷èâàÿ îáùíîñòè,
ìîæåì ñ÷èòàòü, ÷òî èìåííî yn → +∞.

Ñîãëàñíî ñâîéñòâàì 2 è 3 áûñòðî óáûâàþùèõ ôóíêöèé, ôóíêöèÿ x 7→
Dα(xβf(x)) ÿâëÿåòñÿ áûñòðî óáûâàþùåé. Îáîçíà÷èì å�å ÷åðåç g. Òîãäà
ìîæåì íàïèñàòü

|yαDβF±[f(x)](y)| = |F±[g(x)](y)| = (2π)−n/2

∣∣∣∣
∫

Rn

g(x)e∓i(x,y) dx

∣∣∣∣ =

= (2π)−n/2

∣∣∣∣
∫

Rn−1

e∓i(x1y1+···+xn−1yn−1)× (26)

×
[ +∞∫

−∞
g(x1, . . . , xn)e∓ixnyn dxn

]
dx1 . . . dxn−1

∣∣∣∣.

Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïåðåìåííûõ x1, . . . , xn−1 ôóíêöèÿ xn 7→
g(x1, . . . , xn) îäíîãî âåùåñòâåííîãî ïåðåìåííîãî xn ÿâëÿåòñÿ áûñòðî óáû-
âàþùåé. Â ÷àñòíîñòè, îíà èíòåãðèðóåìà íà âñåé ÷èñëîâîé ïðÿìîé. Ñëå-
äîâàòåëüíî, óñëîâèÿ ëåììû Ðèìàíà � Ëåáåãà äëÿ áåñêîíå÷íîãî ïðîìå-
æóòêà âûïîëíåíû äëÿ èíòåãðàëà, ñòîÿùåãî â ôîðìóëå (26) â êâàäðàò-
íûõ ñêîáêàõ. Çíà÷èò, ñàì ýòîò èíòåãðàë ñòðåìèòñÿ ê íóëþ ïðè yn →
+∞. Ïåðåõîäÿ â ôîðìóëå (26) ê ïðåäåëó ïðè yn → +∞ ïîä çíàêîì
(n− 1)-ìåðíîãî èíòåãðàëà, âèäèì, ÷òî âñ�å âûðàæåíèå (26) ñòðåìèòñÿ ê
íóëþ ïðè yn → +∞.

35



8) Äëÿ ëþáîé áûñòðî óáûâàþùåé ôóíêöèè f : Rn → C ñïðàâåäëèâû
ðàâåíñòâà F+[F−[f ]] = f è F−[F+[f ]] = f . Äðóãèìè ñëîâàìè, ïîñëå-
äîâàòåëüíîå ïðèìåíåíèå ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé Ôóðüå
íå èçìåíÿåò ôóíêöèè. Ñâîéñòâî 8 íàçûâàþò Ôîðìóëîé îáðàùåíèÿ äëÿ
ïðåîáðàçîâàíèÿ Ôóðüå.

Äîêàçàòåëüñòâî. Äëÿ n = 1 ôîðìóëà îáðàùåíèÿ óæå óñòàíîâëåíà
íàìè â � 5.

Äîêàæåì ôîðìóëó F+[F−[f ]] = f äëÿ n = 2:

F+[F−[f ]](x) =
1
2π

∫∫

R2

F−[f ](y1, y2)e−i(x1y1+x2y2) dy1dy2 =

=
1

(2π)2

∫∫

R2

[∫∫

R2

f(t1, t2)e+i(t1y1+t2y2) dt1dt2

]
e−i(x1y1+x2y2) dy1dy2.

Ïîëüçóÿñü òåì, ÷òî f � áûñòðî óáûâàþùàÿ ôóíêöèÿ, èçìåíèì ïîðÿäîê
èíòåãðèðîâàíèÿ:

F+[F−[f ]](x) =
1
2π

∫∫

R2

e+i(t2y2−x2y2)×

×
[

1√
2π

+∞∫

−∞

{
1√
2π

+∞∫

−∞
f(t1, t2)eit1y1 dt1

}
e−ix1y1 dy1

]
dt2dy2.

Âûðàæåíèå, ñòîÿùåå â ôèãóðíûõ ñêîáêàõ, ïðåäñòàâëÿåò ñîáîé îäíî-
ìåðíîå (ïîñêîëüêó t2 íå ó÷àñòâóåò â èíòåãðèðîâàíèè è âûïîëíÿåò ðîëü
ïàðàìåòðà) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè t1 7→ f(t1, t2) îä-
íîãî ïåðåìåííîãî t1. Êðîìå òîãî, âûðàæåíèå, ñòîÿùåå â êâàäðàòíûõ
ñêîáêàõ, ïðåäñòàâëÿåò ñîáîé îäíîìåðíîå ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå
îò ôóíêöèè, çàïèñàííîé â ôèãóðíûõ ñêîáêàõ. Ïîýòîìó, íà îñíîâàíèè
îäíîìåðíîé ôîðìóëû îáðàùåíèÿ, çàêëþ÷àåì, ÷òî âûðàæåíèå â êâàä-
ðàòíûõ ñêîáêàõ ðàâíî f(x1, t2). Ñëåäîâàòåëüíî,

F+[F−[f ]](x) =
1
2π

∫∫

R2

e+i(t2y2−x2y2)f(x1, t2) dt2dy2.

Ïîñëåäíèé èíòåãðàë ïðåîáðàçóåì ïîäîáíî òîìó, êàê ìû ïîñòóïàëè ðàíü-
øå, ò. å. ïðåâðàòèì êðàòíûé èíòåãðàë â ïîâòîðíûé, ðàçãëÿäèì òàì îä-
íîìåðíûå ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå è âîñïîëüçóåìñÿ
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îäíîìåðíîé ôîðìóëîé îáðàùåíèÿ:

F+[F−[f ]](x) =
1√
2π

+∞∫

−∞

{
1√
2π

+∞∫

−∞
f(x1, t2)e+it2y2 dt2

}
e−ix2y2 dy2 = f(x).

Òåì ñàìûì ðàâåíñòâî F+[F−[f ]] = f äîêàçàíî ïðè n = 2. Åãî äîêà-
çàòåëüñòâî â îáùåì ñëó÷àå, ðàâíî êàê è äîêàçàòåëüñòâî âòîðîãî ðàâåí-
ñòâà F−[F+[f ]] = f , ïðîâîäèòñÿ ñîâåðøåííî àíàëîãè÷íî. Ïîýòîìó ìû èõ
îïóñêàåì.

Çàäà÷à
62. Äîêàæèòå, ÷òî ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè x 7→ ea|x| (a > 0)

áåñêîíå÷íî äèôôåðåíöèðóåìî íà âñåé ÷èñëîâîé ïðÿìîé, íî íå ÿâëÿåòñÿ
áûñòðî óáûâàþùåé ôóíêöèåé.

� 9. Ðàâåíñòâî Ïàðñåâàëÿ
Òåîðåìà (ðàâåíñòâî Ïàðñåâàëÿ).Äëÿ ëþáûõ áûñòðî óáûâàþùèõ ôóíê-

öèé f, g : Rn → C ñïðàâåäëèâî ðàâåíñòâî∫

Rn

f(x)g(x) dx =
∫

Rn

f̂(x)ĝ(x) dx =
∫

Rn

∨
f (x)

∨
g (x) dx,

ãäå ÷åðòà, êàê îáû÷íî, îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå.
Äîêàçàòåëüñòâî ðàçîáü�åì íà òðè ýòàïà.
Íà ïåðâîì ýòàïå óñòàíîâèì ðàâåíñòâà∫

Rn

f̂(x)g(x) dx =
∫

Rn

f(x)ĝ(x) dx è
∫

Rn

∨
f (x)g(x) dx =

∫

Rn

f(x)
∨
g (x) dx,

òî åñòü ïîêàæåì, ÷òî ñèìâîëû ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ Ôó-
ðüå ìîæíî ïåðåíîñèòü ñ îäíîãî ñîìíîæèòåëÿ íà äðóãîé ïîä çíàêîì èí-
òåãðàëà.

×òîáû óáåäèòüñÿ â ýòîì, äîñòàòî÷íî, ïîëüçóÿñü òåì, ÷òî ôóíêöèè f
è g � áûñòðî óáûâàþùèå, èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ:∫

Rn

f̂(x)g(x) dx =
∫

Rn

[
(2π)−n/2

∫

Rn

f(y)e−i(x,y) dy

]
g(x) dx =

=
∫

Rn

[
(2π)−n/2

∫

Rn

g(x)e−i(x,y) dx

]
f(y) dy =

∫

Rn

f(y)ĝ(y) dy.

Âòîðîå ðàâåíñòâî, ñîñòàâëÿþùåå ïåðâûé ýòàï, äîêàçûâàåòñÿ àíàëîãè÷-
íî.
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Íà âòîðîì ýòàïå óñòàíîâèì ðàâåíñòâà

f̂ =
∨
f è

∨
f = f̂ ,

òî åñòü ïîêàæåì, ÷òî ïðè ¾îïóñêàíèè¿ êîìïëåêñíîãî ñîïðÿæåíèÿ ïðÿ-
ìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå ìåíÿþòñÿ ðîëÿìè.

Â ñàìîì äåëå, ïîëüçóÿñü òåì, ÷òî êîìïëåêñíîå ñîïðÿæåíèå îò ïðî-
èçâåäåíèÿ êîìïëåêñíûõ ÷èñåë ðàâíî ïðîèçâåäåíèþ èõ êîìïëåêñíûõ ñî-
ïðÿæåíèé, èìååì

f̂(y) = (2π)−n/2

∫

Rn

f(x)e−i(x,y) dx = (2π)−n/2

∫

Rn

f(x)e+i(x,y) dx =
∨
f (y).

Âòîðîå ðàâåíñòâî, ñîñòàâëÿþùåå âòîðîé ýòàï, äîêàçûâàåòñÿ àíàëîãè÷-
íî.

Íàêîíåö, íà òðåòüåì ýòàïå äîêàæåì ñîáñòâåííî ðàâåíñòâî Ïàðñåâà-
ëÿ. Äëÿ ýòîãî ïîñëåäîâàòåëüíî âîñïîëüçóåìñÿ ôîðìóëîé îáðàùåíèÿ è
ðåçóëüòàòàìè ïåðâûõ äâóõ ýòàïîâ äîêàçàòåëüñòâà:

∫

Rn

f(x)g(x) dx =
∫

Rn

∨
f̂ (x)g(x) dx =

∫

Rn

f̂(x)
∨
g (x) dx =

∫

Rn

f̂(x)ĝ(x) dx.

Âòîðîå ðàâåíñòâî Ïàðñåâàëÿ äîêàçûâàåòñÿ àíàëîãè÷íî.

Çàäà÷à
63. Ïóñòü ϕ(x) è ψ(p) � áûñòðî óáûâàþùèå ôóíêöèè âåùåñòâåííûõ

ïåðåìåííûõ x è p ñîîòâåòñòâåííî, ïðè÷�åì ïóñòü ψ ÿâëÿåòñÿ ïðåîáðàçî-
âàíèåì Ôóðüå îò ϕ (ò. å. ψ = ϕ̂) è

+∞∫
−∞

|ϕ(x)|2 dx =
+∞∫
−∞

|ψ(p)|2 dp = 1.

Â òàêîì ñëó÷àå ôóíêöèè |ϕ|2 è |ψ|2 ìîæíî ðàññìàòðèâàòü êàê ïëîòíî-
ñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñëó÷àéíûõ âåëè÷èí x è p. Â êâàíòîâîé
ìåõàíèêå ïîêàçûâàåòñÿ, ÷òî ñîîòíîøåíèå ψ = ϕ̂ ïîçâîëÿåò èíòåðïðåòè-
ðîâàòü ñëó÷àéíûå âåëè÷èíû x è p êàê êîîðäèíàòó è èìïóëüñ êâàíòîâîé
÷àñòèöû.

(à) Ïîêàæèòå, ÷òî ñäâèãîì ïî àðãóìåíòó (ò. å. ñïåöèàëüíûì âûáîðîì

íà÷àëà îòñ÷�åòà) ôóíêöèè ϕ ìîæíî, íå èçìåíÿÿ âåëè÷èíû
+∞∫
−∞

|ϕ(x)|2 dx,

ïîëó÷èòü íîâóþ ôóíêöèþ ϕ, äëÿ êîòîðîé M1(ϕ) =
+∞∫
−∞

x|ϕ(x)|2 dx = 0,
ò. å. òàêóþ, ÷òî å�å ìàòåìàòè÷åñêîå îæèäàíèå ðàâíî íóëþ.
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(á) Ïîêàæèòå, ÷òî àíàëîãè÷íûì ñäâèãîì ïî àðãóìåíòó ôóíêöèè ψ

ìîæíî, íå íàðóøàÿ ðàâåíñòâ M1(ϕ)=0 è
+∞∫
−∞

|ϕ(x)|2 dx=
+∞∫
−∞

|ψ(p)|2 dp=1,

äîáèòüñÿ òîãî, ÷òî M1(ψ) =
+∞∫
−∞

p|ψ(p)|2 dp = 0.

(â) Óáåäèòåñü, ÷òî äèñïåðñèÿ (ñðåäíåêâàäðàòè÷íîå óêëîíåíèå) σ2 =
+∞∫
−∞

(x− x0)2|ϕ(x)|2 dx ñëó÷àéíîé âåëè÷èíû x ñ ïëîòíîñòüþ ðàñïðåäåëå-

íèÿ |ϕ(x)|2 è ìàòåìàòè÷åñêèì îæèäàíèåì x0 = M1(ϕ) =
+∞∫
−∞

x|ϕ(x)|2 dx

ïðåäñòàâëÿåòñÿ â âèäå σ2 = M2(ϕ)−M2
1 (ϕ), ãäå M2(ϕ) =

+∞∫
−∞

x2|ϕ(x)|2 dx.

(ã) Ðàññìîòðèòå âåëè÷èíó
+∞∫
−∞

|txϕ(x)+ϕ′(x)|2 dx, êîòîðàÿ, î÷åâèäíî,

íåîòðèöàòåëüíà ïðè ëþáîì çíà÷åíèè ïàðàìåòðà t ∈ R . Îïèðàÿñü íà
ðàâåíñòâî Ïàðñåâàëÿ è ôîðìóëó äëÿ íàõîæäåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå
îò ïðîèçâîäíîé, âûâåäèòå, ÷òî t2M2(ϕ)− t + M2(ψ) ≥ 0.

(ä) Ïîëó÷èòå èç (ã) ñîîòíîøåíèå M2(ϕ) ·M2(ψ) ≥ 1/4.
Ýòî ñîîòíîøåíèå ïîêàçûâàåò, ÷òî ÷åì áîëåå ¾ñîñðåäîòî÷åíà¿ ñàìà

ôóíêöèÿ, òåì áîëåå ¾ðàçìûòî¿ å�å ïðåîáðàçîâàíèå Ôóðüå è îáðàòíî.
Â êâàíòîâîé ìåõàíèêå ýòî ñîîòíîøåíèå íàçûâàþò ïðèíöèïîì íåîïðå-
äåë�åííîñòè Ãåéçåíáåðãà è èíòåðïðåòèðóþò â òîì ñìûñëå, ÷òî íåëüçÿ
îäíîâðåìåííî òî÷íî èçìåðèòü è êîîðäèíàòó êâàíòîâîé ÷àñòèöû, è å�å
èìïóëüñ.

� 10. Ñâ�åðòêà áûñòðî óáûâàþùèõ ôóíêöèé
Êàæäûì äâóì áûñòðî óáûâàþùèì ôóíêöèÿì f, g : Rn → C ñîïîñòà-

âèì íîâóþ ôóíêöèþ f ∗ g : Rn → C, íàçûâàåìóþ ñâ�åðòêîé ôóíêöèé f
è g è çàäàâàåìóþ ôîðìóëîé

(f ∗ g)(x) =
∫

Rn

f(x− y)g(y) dy. (27)

Ïîñêîëüêó ôóíêöèè f è g � áûñòðî óáûâàþùèå, òî ñõîäèìîñòü ýòîãî
èíòåãðàëà î÷åâèäíà. Èíîãäà ãîâîðÿò, ÷òî (27) çàäà�åò ñâ�åðòêó ëþáûõ
(íå îáÿçàòåëüíî áûñòðî óáûâàþùèõ) ôóíêöèé, äëÿ êîòîðûõ èíòåãðàë,
ñòîÿùèé â ïðàâîé ÷àñòè, ñõîäèòñÿ.

Ðàññìîòðèì íàèáîëåå âàæíûå ñâîéñòâà ñâ�åðòêè áûñòðî óáûâàþùèõ
ôóíêöèé.

1) Ñâ�åðòêà êîììóòàòèâíà: f ∗ g = g ∗ f .
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Äîêàçàòåëüñòâî íåìåäëåííî âûòåêàåò èç ôîðìóëû çàìåíû ïåðå-
ìåííîé â êðàòíîì èíòåãðàëå:

(f ∗ g)(x) =
∫

Rn

f(x− y)g(y) dy =

=(ñäåëàåì çàìåíó x− y = z)=

=
∫

Rn

f(z)g(x− z) dz =
∫

Rn

g(x− z)f(z) dz = (g ∗ f)(x).

2) Ñâ�åðòêà àññîöèàòèâíà: (f ∗ g) ∗ h = f ∗ (g ∗ h).
3) Ñâ�åðòêà ëèíåéíà ïî ïåðâîìó àðãóìåíòó, òî åñòü äëÿ ëþáûõ êîì-

ïëåêñíûõ ÷èñåë a, b ∈ C è ëþáûõ áûñòðî óáûâàþùèõ ôóíêöèé f, g, h
ñïðàâåäëèâî ðàâåíñòâî (af + bg) ∗ h = a(f ∗ g) + b(g ∗ h).

Äîêàçàòåëüñòâà ñâîéñòâ 2 è 3 ñòîëü æå ïðÿìîëèíåéíû, êàê è ïðè-
âåä�åííîå âûøå äîêàçàòåëüñòâî ñâîéñòâà 1. Ïîýòîìó ìû îñòàâëÿåì èõ
÷èòàòåëþ â êà÷åñòâå óïðàæíåíèé.

4) Äëÿ ëþáîãî ìóëüòèèíäåêñà α è ëþáûõ áûñòðî óáûâàþùèõ ôóíê-
öèé f, g ñïðàâåäëèâû ðàâåíñòâà Dα(f ∗ g) = (Dαf) ∗ g = f ∗ (Dαg). Äðó-
ãèìè ñëîâàìè, ÷òîáû ïðîäèôôåðåíöèðîâàòü ñâ�åðòêó, ìîæíî ñíà÷àëà
ïðîäèôôåðåíöèðîâàòü ëþáóþ èç ôóíêöèé, à çàòåì ñâåðíóòü ðåçóëüòàò
ñ äðóãîé ôóíêöèåé.

Äîêàçàòåëüñòâî îïèðàåòñÿ íà âîçìîæíîñòü äèôôåðåíöèðîâàíèÿ ïî
ïàðàìåòðó èíòåãðàëà îò áûñòðî óáûâàþùåé ôóíêöèè:

Dα(f∗g)(x) = Dα

∫

Rn

f(x−y)g(y) dy =
∫

Rn

(Dαf)(x−y)g(y) dy = ((Dαf)∗g)(x).

Âòîðîå ñîîòíîøåíèå èç ñâîéñòâà 4 âûòåêàåò èç óæå äîêàçàííîãî ââè-
äó êîììóòàòèâíîñòè ñâ�åðòêè: Dα(f ∗ g) = Dα(g ∗ f) = (Dαg) ∗ f =
f ∗ (Dαg).

5) F±[f ∗ g] = (2π)n/2F±[f ] · F±[g].
Äîêàçàòåëüñòâî.

F±[f ∗ g](x) = (2π)−n/2

∫

Rn

(f ∗ g)(y)e∓i(x,y) dy =

= (2π)−n/2

∫

Rn

[∫

Rn

f(y − z)g(z) dz

]
e∓i(x,y) dy =
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=(èçìåíèì ïîðÿäîê èíòåãðèðîâàíèÿ)=

= (2π)−n/2

∫

Rn

[∫

Rn

f(y − z)e∓i(x,y) dy

]
g(z) dz =

=(âî âíóòðåííåì èíòåãðàëå ñäåëàåì çàìåíó ïåðåìåííîé y − z = t)=

= (2π)−n/2

∫

Rn

[∫

Rn

f(t)e∓i(x,t) dt

]
g(z)e∓i(x,z) dz =

=(âíóòðåííèé èíòåãðàë íå çàâèñèò îò ïåðåìåííîé z; âûíåñåì åãî èç-ïîä
çíàêà âíåøíåãî èíòåãðàëà)=

= (2π)n/2

[
(2π)−n/2

∫

Rn

f(t)e∓i(x,t) dt

]
·
[
(2π)−n/2

∫

Rn

g(z)e∓i(x,z) dz

]
=

= (2π)n/2F±[f ](x) · F±[g](x).

6) F±[f · g] = (2π)−n/2F±[f ] ∗ F±[g].
Äîêàçàòåëüñòâî. Âûâåäåì ñâîéñòâî 6, ñîîòâåòñòâóþùåå âûáîðó âåðõ-

íèõ çíàêîâ, èç ñâîéñòâà 5 è ôîðìóëû îáðàùåíèÿ: ïîäñòàâèâ â 5
∨
f âìåñòî

f è
∨
g âìåñòî g, áóäåì èìåòü

F+[
∨
f ∗ ∨g] = (2π)−n/2F+[

∨
f ] · F+[

∨
g] = (2π)−n/2f · g.

Ïðèìåíèâ ê îáåèì ÷àñòÿì ïîñëåäíåé ôîðìóëû îáðàòíîå ïðåîáðàçîâàíèå
Ôóðüå, ïîëó÷èì

∨
f ∗ ∨g= F−[F+[

∨
f ∗ ∨g]] = (2π)−n/2F−[f · g]

èëè
F−[f · g] = (2π)n/2F−[f ] ∗ F−[g].

Ôîðìóëà, ñîîòâåòñòâóþùàÿ âûáîðó âåðõíèõ çíàêîâ, äîêàçûâàåòñÿ àíà-
ëîãè÷íî.

Ñâîéñòâà 5 è 6 îçíà÷àþò, ÷òî ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò (ñ òî÷-
íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ) ñâ�åðòêó â ïðîèçâåäåíèå è íàîáîðîò.
Íàëè÷èå òàêîé äâîéñòâåííîñòè îáúÿñíÿåò âàæíîñòü îïåðàöèè ñâ�åðòêè:
ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèÿ Ôóðüå íàì áåçðàçëè÷íî, ïåðåìíîæàòü
ôóíêöèè èëè ñâîðà÷èâàòü èõ.
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Çàäà÷è
64. Ïóñòü x0 � âåêòîð èç Rn. Îïåðàòîðîì ñäâèãà â S(Rn) íàçîâ�åì

îòîáðàæåíèå, ñîïîñòàâëÿþùåå êàæäîé áûñòðî óáûâàþùåé ôóíêöèè f
íîâóþ ôóíêöèþ Tx0f , îïðåäåëÿåìóþ ôîðìóëîé (Tx0f)(x) = f(x − x0).
Äîêàæèòå, ÷òî äëÿ ëþáûõ áûñòðî óáûâàþùèõ ôóíêöèé ñïðàâåäëèâû
ðàâåíñòâà Tx0(f ∗ g) = (Tx0f) ∗ g = f ∗ (Tx0g).

Â ñëåäóþùèõ çàäà÷àõ âû÷èñëèòå ñâ�åðòêó, ñ÷èòàÿ, ÷òî H � ôóíêöèÿ
Õåâèñàéäà, ò. å. ÷òî H(x) = 0 äëÿ x < 0 è H(x) = 1 äëÿ x > 0.

65. H(x) ∗H(x).

66. H(x) ∗H(1 + x).

67. H(1− x2) ∗H(1− x2).

68. x ∗ (x2H(x)).

69. H(x) ∗ (H(x) sin x).

70. (x2H(x)) ∗ (H(x) sin x).

71. (x3H(x)) ∗ (H(x) cos x).

72. (H(x) sin x) ∗ (H(x)sh x).

73. e−|x| ∗ e−|x|.

74. e−ax2 ∗ (xe−ax2
), a > 0.

Â ñëåäóþùèõ çàäà÷àõ äîêàæèòå ðàâåíñòâà, ñ÷èòàÿ ïàðàìåòðû a è b
ïîëîæèòåëüíûìè.

75. fa ∗ fb = f√a2+b2 , åñëè fa(x) = a−1(2π)−1/2e−x2/2a2 .

76. fa ∗ fb = fa+b, åñëè fa(x) = aπ−1(a2 + x2)−1.

77. fa ∗ fb = fa+b, åñëè fa(x) = xa−1e−axH(x)/Γ(a).
42



� 11. Ôîðìóëà Ïóàññîíà
Òåîðåìà (ôîðìóëà Ïóàññîíà). Åñëè f : R→ C � áûñòðî óáûâàþùàÿ

ôóíêöèÿ, òî
√

2π

+∞∑
n=−∞

f(2πn) =
+∞∑

n=−∞
f̂(n).

Äîêàçàòåëüñòâî. Ìû äîêàæåì, ÷òî äëÿ âñåõ x ∈ R âûïîëíÿåòñÿ
ðàâåíñòâî

√
2π

+∞∑
n=−∞

f(x + 2πn) =
+∞∑

n=−∞
f̂(n)einx, (28)

ïîäñòàâèâ â êîòîðîå x = 0, î÷åâèäíî, ïîëó÷èì ôîðìóëó Ïóàññîíà.
Ëåâóþ ÷àñòü ôîðìóëû (28) îáîçíà÷èì ÷åðåç F (x) è óñòàíîâèì íåîá-

õîäèìûå äëÿ äàëüíåéøåãî ñâîéñòâà ôóíêöèè F .
1) Ôóíêöèÿ F ÿâëÿåòñÿ 2π-ïåðèîäè÷åñêîé. Ýòî âûòåêàåò èç ñëåäóþ-

ùèõ âû÷èñëåíèé:

F (x + 2π) =
√

2π

+∞∑
n=−∞

f(x + 2π + 2πn) =

=(äåëàåì çàìåíó èíäåêñà ñóììèðîâàíèÿ k = n + 1)=

=
√

2π

+∞∑

k=−∞
f(x + 2πk) = F (x).

2)Ôóíêöèÿ F íåïðåðûâíî äèôôåðåíöèðóåìà.×òîáû óáåäèòüñÿ â ýòîì,
ìîæíî èñïîëüçîâàòü òåîðåìó î ïî÷ëåííîì äèôôåðåíöèðîâàíèè ôóíê-
öèîíàëüíîãî ðÿäà. Â íàøåì ñëó÷àå íåî÷åâèäíî âûïîëíåíèå òîëüêî îä-
íîãî óñëîâèÿ ýòîé òåîðåìû: íàì íàäî óáåäèòüñÿ, ÷òî ôóíêöèîíàëüíûé
ðÿä

+∞∑
n=−∞

df

dx
(x + 2πn) (29)

ñõîäèòñÿ ðàâíîìåðíî íà ïåðèîäå ôóíêöèè F , íàïðèìåð íà îòðåçêå [−π, π].
Èç îïðåäåëåíèÿ áûñòðî óáûâàþùåé ôóíêöèè ñëåäóåò, ÷òî äëÿ ëþáîãî
p íàéä�åòñÿ ïîñòîÿííàÿ Cp òàêàÿ, ÷òî íåðàâåíñòâî

∣∣∣∣
df

dx
(x + 2πn)

∣∣∣∣ ≤
Cp

1 + |x + 2πn|p
ñïðàâåäëèâî äëÿ âñåõ x ∈ R. Ñëåäîâàòåëüíî, äëÿ âñåõ x ∈ [−π, π] èìååì∣∣∣∣

df

dx
(x + 2πn)

∣∣∣∣ ≤
Cp

1 + πp(|2n| − 1)p
,
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ïðè÷�åì, êàê èçâåñòíî, ðÿä
+∞∑

|n|>1

1
1 + πp(|2n| − 1)p

ñõîäèòñÿ, åñëè òîëüêî p > 1. Òàêèì îáðàçîì, ìû íàøëè ñóììèðóåìóþ
ìàæîðàíòó äëÿ îáùåãî ÷ëåíà ðÿäà (29) è, íà îñíîâàíèè òåîðåìû Âåé-
åðøòðàññà î ìàæîðèðîâàííîé ñõîäèìîñòè, ìîæåì çàêëþ÷èòü, ÷òî ðÿä
(29) ñõîäèòñÿ ðàâíîìåðíî íà [−π, π]. ×òî è çàâåðøàåò äîêàçàòåëüñòâî
ñâîéñòâà 2.

Ïðèñòóïèì òåïåðü ñîáñòâåííî ê äîêàçàòåëüñòâó ôîðìóëû Ïóàññîíà.
Êàê âñÿêàÿ 2π-ïåðèîäè÷åñêàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíê-

öèÿ, F ðàçëàãàåòñÿ â ñõîäÿùèéñÿ ê íåé ðÿä Ôóðüå

F (x) =
+∞∑

n=−∞
cneinx.

Äëÿ äîêàçàòåëüñòâà ôîðìóëû (28) íàì íóæíî òîëüêî óáåäèòüñÿ, ÷òî
cn = f̂(n). À ýòî âûòåêàåò èç ïðÿìîãî âû÷èñëåíèÿ:

cn =
1
2π

π∫

−π

F (x)e−inx dx =
1
2π

π∫

−π

√
2π

+∞∑
n=−∞

f(x + 2πn)e−inx dx =

=(èíòåãðèðóåì ðÿä ïî÷ëåííî)=

=
1√
2π

+∞∑
n=−∞

π∫

−π

f(x + 2πn)e−inx dx =

=(äåëàåì çàìåíó ïåðåìåííîé y = x + 2πn è ïîëüçóåìñÿ òåì, ÷òî ýêñïî-
íåíòà 2πi-ïåðèîäè÷íà)=

=
1√
2π

+∞∑
n=−∞

2πn+π∫

2πn−π

f(y)e−iny dy =

=(çàìå÷àåì, ÷òî èíòåðâàëû [2πn−π, 2πn+π] ïîêðûâàþò âñþ ÷èñëîâóþ
ïðÿìóþ, è ïîëüçóåìñÿ àääèòèâíîñòüþ èíòåãðàëà)=

=
1√
2π

+∞∫

−∞
f(y)e−iny dy = f̂(n).

×òî è òðåáîâàëîñü äîêàçàòü.
44



Çàäà÷è
78. Îáîñíóéòå çàêîííîñòü ïî÷ëåííîãî èíòåãðèðîâàíèÿ ðÿäà â ïðè-

âåä�åííîì âûøå äîêàçàòåëüñòâå ôîðìóëû Ïóàññîíà.

79. Äîêàæèòå, ÷òî åñëè f : R → C � áûñòðî óáûâàþùàÿ ôóíêöèÿ,
òî ñóììà ðÿäà

√
2π

+∞∑
n=−∞

f(x + 2πn)

ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèåé (à íå òîëüêî íåïðå-
ðûâíî äèôôåðåíöèðóåìîé, êàê áûëî ïîêàçàíî â ïðèâåä�åííîì âûøå äî-
êàçàòåëüñòâå ôîðìóëû Ïóàññîíà).

80. Äîêàæèòå ñëåäóþùåå ñîîòíîøåíèå, íàçûâàåìîå θ-ôîðìóëîé è
èãðàþùåå âàæíóþ ðîëü â òåîðèè ýëëèïòè÷åñêèõ ôóíêöèé è òåîðèè òåï-
ëîïðîâîäíîñòè:

+∞∑
n=−∞

e−tn2
=

√
π

t

+∞∑
n=−∞

e−
π2
t n2

(t > 0).

81. Ñ ïîìîùüþ ôîðìóëû Ïóàññîíà âû÷èñëèòå ñóììó ðÿäà
+∞∑

n=−∞

1
n2 + a2

.

Îáðàòèòå âíèìàíèå, ÷òî ó÷àñòâóþùàÿ â âû÷èñëåíèÿõ ôóíêöèÿ íå ÿâ-
ëÿåòñÿ áûñòðî óáûâàþùåé. Îáîñíóéòå äëÿ íå�å çàêîííîñòü ïðèìåíåíèÿ
ôîðìóëû Ïóàññîíà.

� 12. Òåîðåìà Êîòåëüíèêîâà � Øåííîíà
Òåîðåìà (Êîòåëüíèêîâà � Øåííîíà). Ïóñòü f : R → C � áûñòðî

óáûâàþùàÿ ôóíêöèÿ, è ïóñòü ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî a

òàêîå, ÷òî f̂(x) = 0 äëÿ âñåõ âåùåñòâåííûõ x òàêèõ, ÷òî |x| > a.
Òîãäà äëÿ âñåõ x ∈ R ñïðàâåäëèâî ðàâåíñòâî

f(x) =
+∞∑
−∞

f

(
πn

a

)
sinc

[
a

(
x− πn

a

)]
, (30)

ãäå ôóíêöèÿ t 7→ sinc t îïðåäåëÿåòñÿ ðàâåíñòâîì sinc t = (sin t)/t è
íàçûâàåòñÿ ôóíêöèåé îòñ÷�åòîâ.
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ ôîðìóëó îáðàùåíèÿ äëÿ ïðåîáðàçîâà-
íèÿ Ôóðüå è òîò ôàêò, ÷òî f̂ çàíóëÿåòñÿ âíå èíòåðâàëà [−a, a], ìîæåì
íàïèñàòü

f(x) =
1√
2π

+∞∫

−∞
f̂(y)e+ixy dy =

1√
2π

a∫

−a

f̂(y)eixy dy. (31)

Ðàçëîæèì ôóíêöèþ f̂ â ðÿä Ôóðüå â êîìïëåêñíîé ôîðìå â èíòåðâàëå
[−a, a]:

f̂(y) =
+∞∑
−∞

cne
iπn

a y, ãäå cn =
1
2a

a∫

−a

f̂(y)e−
iπn

a y dy.

Ïîäñòàâèì ýòîò ðÿä â ôîðìóëó (31) è ïðîèíòåãðèðóåì åãî ïî÷ëåííî,
ïîëüçóÿñü òåì, ÷òî ðÿä Ôóðüå íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèè
ñõîäèòñÿ ðàâíîìåðíî:

f(x) =
1√
2π

a∫

−a

( +∞∑
n=−∞

cnei πn
a y

)
eixy dy =

=
1√
2π

+∞∑
n=−∞

cn

a∫

−a

ei
(

πn
a +x

)
y dy =

1√
2π

+∞∑
n=−∞

cn
ei

(
πn
a +x

)
y

i
(

πn
a + x

)
∣∣∣∣
y=a

y=−a

= (32)

=
1√
2π

+∞∑
n=−∞

cn

2a sin
[(

πn
a + x

)
a
]

a
(

πn
a + x

) =
2a√
2π

+∞∑
n=−∞

cnsinc
[
a

(
πn

a
+ x

)]
.

Òåïåðü îáðàòèìñÿ ê âû÷èñëåíèþ êîýôôèöèåíòîâ cn. Ïðè ýòîì åù�å
ðàç èñïîëüçóåì óñëîâèå òåîðåìû î òîì, ÷òî f̂ çàíóëÿåòñÿ âíå èíòåðâàëà
[−a, a]:

cn =
1
2a

a∫

−a

f̂(y)e−i πn
a y dy =

1
2a

+∞∫

−∞
f̂(y)e−i πn

a y dy =

=
1
2a
·
√

2π√
2π

+∞∫

−∞
f̂(y)ei

(
−πn

a

)
y dy =

√
2π

2a
f

(
−πn

a

)
. (33)

Ïîñëåäíåå ðàâåíñòâî çäåñü íàïèñàíî íà îñíîâàíèè ôîðìóëû îáðàùåíèÿ.
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Ïîäñòàâèâ âûðàæåíèå (33) â ôîðìóëó (32) è ïîìåíÿâ èíäåêñ ñóììè-
ðîâàíèÿ n íà −n, ïîëó÷èì

f(x) =
2a√
2π

+∞∑
n=−∞

√
2π

2a
f

(
−πn

a

)
sinc

[
a

(
x +

πn

a

)]
=

=
+∞∑

n=−∞
f

(
πn

a

)
sinc

[
a

(
x− πn

a

)]
,

÷òî è òðåáîâàëîñü äîêàçàòü.
Òåîðåìà Êîòåëüíèêîâà �Øåííîíà ïðèìå÷àòåëüíà íå òîëüêî ýëåãàíò-

íîñòüþ êîìáèíèðîâàíèÿ ðÿäà è ïðåîáðàçîâàíèÿ Ôóðüå, íî è òåì, ÷òî îíà
ÿâëÿåòñÿ êðàåóãîëüíûì êàìíåì òåîðèè öèôðîâîé ïåðåäà÷è èíôîðìà-
öèè. ×òîáû ïîÿñíèòü ýòî, ïðåäïîëîæèì, ÷òî ìû íàìåðåíû ïåðåäàòü ïî
öèôðîâîìó êàíàëó ñâÿçè íåïðåðûâíûé (òî÷íåå áûëî áû ñêàçàòü àíàëî-
ãîâûé) ñèãíàë ϕ. Ìû íå ìîæåì ¾ïðîñòî¿ ïåðåäàâàòü çíà÷åíèå ôóíêöèè
ϕ â êàæäîé òî÷êå, ïîñêîëüêó âåùåñòâåííûõ ÷èñåë ñëèøêîì ìíîãî: êàê
âû çíàåòå èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà, ìíîæåñòâî âåùåñòâåííûõ
÷èñåë íå ñ÷�åòíî. Ïîýòîìó ïðèõîäèòñÿ ïðèìåíÿòü èíòåëëåêò. Ñîãëàñíî
ôîðìóëå îáðàùåíèÿ, ïî áîëüøîìó ñ÷�åòó íàì áåçðàçëè÷íî, ÷òî ïåðå-
äàâàòü: ñàì ñèãíàë ϕ èëè åãî ïðåîáðàçîâàíèå Ôóðüå, íàïðèìåð, � åãî
îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå f =

∨
ϕ. Òåïåðü ïðèìåì âî âíèìàíèå, ÷òî

è ÷åëîâå÷åñêèé ãëàç, è ÷åëîâå÷åñêîå óõî âîñïðèíèìàþò ñèãíàëû ëèøü â
îãðàíè÷åííîé îáëàñòè ÷àñòîò (íàïðèìåð, óõî âîñïðèíèìàåò çâóêè òîëü-
êî â äèàïàçîíå îò 20 Ãö äî 20 êÃö). Ïðåíåáðåãàÿ íåâîñïðèíèìàåìîé
÷àñòüþ ñïåêòðà, ìû ìîæåì ñ÷èòàòü âûïîëíåííûì óñëîâèå òåîðåìû Êî-
òåëüíèêîâà � Øåííîíà î òîì, ÷òî f̂ = ϕ çàíóëÿåòñÿ âíå íåêîòîðîãî
êîíå÷íîãî èíòåðâàëà [−a, a].

Òåïåðü ìû âèäèì, ÷òî ïåðåäà÷à íåïðåðûâíîãî ñèãíàëà ïî öèôðîâîìó
êàíàëó ñâÿçè ìîæåò áûòü îðãàíèçîâàíà òàê: ïåðåäàò÷èê íàõîäèò îáðàò-
íîå ïðåîáðàçîâàíèå Ôóðüå f =

∨
ϕ èñõîäíîãî ñèãíàëà ϕ è ïåðåäà�åò åãî

çíà÷åíèÿ â òàê íàçûâàåìûõ òî÷êàõ îòñ÷�åòà πn/a (−∞ < n < +∞). Ïî-
ëó÷èâ çíà÷åíèÿ f(πn/a), ïðè�åìíèê èñïîëüçóåò ôîðìóëó (30) äëÿ âîñ-
ñòàíîâëåíèÿ çíà÷åíèÿ ôóíêöèè f â ïðîèçâîëüíîé òî÷êå è, ñîâåðøèâ
ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå, âûäà�åò èñõîäíûé ñèãíàë ϕ = f̂ .

Òåì ñàìûì, íèñêîëüêî íå óòðàòèâ êà÷åñòâà ïåðåäàâàåìîãî ñèãíàëà,
ìû ñóùåñòâåííî óìåíüøèëè îáú�åì ïåðåäàâàåìîé èíôîðìàöèè: òî÷åê
îòñ÷�åòà õîòÿ è áåñêîíå÷íî ìíîãî, íî ãîðàçäî ìåíüøå, ÷åì âåùåñòâåííûõ
÷èñåë.
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Ñëåäóþùèé øàã, åñòåñòâåííî, ñîñòîèò â ïðèìåíåíèè èçâåñòíîãî íàì
ñâîéñòâà: f(πn/a) =

∨
ϕ (πn/a) → 0 ïðè n → ±∞. Èñïîëüçóÿ åãî, è äî-

ïóñêàÿ êîíòðîëèðóåìóþ ïîãðåøíîñòü, ìîæíî îñòàâèòü â ôîðìóëå (30)
ëèøü êîíå÷íîå ÷èñëî ñëàãàåìûõ è, ñîîòâåòñòâåííî, ïåðåäàâàòü òîëüêî
êîíå÷íîå êîëè÷åñòâî çíà÷åíèé f (èìåííî â ýòèõ òî÷êàõ). Âîïðîñó î òîì,
êàêèå èìåííî ñëàãàåìûå îñòàâèòü, ÷òîáû, ìèíèìèçèðóÿ îáú�åì ïåðåäà-
âàåìîé èíôîðìàöèè, íå âûõîäèòü çà ðàìêè äîïóñòèìûõ ïîãðåøíîñòåé,
ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò, îòíîñÿùèõñÿ ñîáñòâåííî ê òåîðèè
öèôðîâîé ïåðåäà÷è èíôîðìàöèè.

� 13. Ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ôóðüå ê ðåøåíèþ
óðàâíåíèÿ òåïëîïðîâîäíîñòè

Äîïóñòèì, ÷òî n-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî Rn çàïîëíåíî ñðå-
äîé ñ ïîñòîÿííûì êîýôôèöèåíòîì òåïëîïðîâîäíîñòè. Ïðåäïîëîæèì,
÷òî â ïðîñòðàíñòâå îòñóòñòâóþò èñòî÷íèêè è ñòîêè òåïëà è îáîçíà÷èì
÷åðåç u(t, x) òåìïåðàòóðó, êîòîðóþ èìååò òî÷êà x = (x1, . . . , xn) ∈ Rn â
ìîìåíò âðåìåíè t ≥ 0. Êàê èçâåñòíî, ïðè òàêèõ ïðåäïîëîæåíèÿõ òåìïå-
ðàòóðà ïåðåðàñïðåäåëÿåòñÿ ñî âðåìåíåì òàê, ÷òî ñîáëþäàåòñÿ óðàâíåíèå

∂u

∂t
= a2

(
∂2u

∂x2
1

+ · · ·+ ∂2u

∂x2
n

)
, (34)

íàçûâàåìîå óðàâíåíèåì òåïëîïðîâîäíîñòè. Ôèãóðèðóþùàÿ çäåñü ïî-
ñòîÿííàÿ a > 0 âûðàæàåòñÿ íåêîòîðûì îáðàçîì ÷åðåç êîýôôèöèåíò
òåïëîïðîâîäíîñòè ñðåäû. Àêêóðàòíûé âûâîä óðàâíåíèÿ òåïëîïðîâîä-
íîñòè èç ôèçè÷åñêèõ ïðåäïîñûëîê ìîæíî íàéòè, íàïðèìåð, â ó÷åáíèêå
Ñ. Ê. Ãîäóíîâà ¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿.

Åñòåñòâåííî îæèäàòü, ÷òî, çíàÿ ðàñïðåäåëåíèå òåìïåðàòóðû â íåêî-
òîðûé ìîìåíò âðåìåíè, íàïðèìåð ïðè t = 0, ìîæíî âîññòàíîâèòü ðàñ-
ïðåäåëåíèå òåìïåðàòóðû â ëþáîé ïîñëåäóþùèé ìîìåíò âðåìåíè t > 0.
×òîáû ñäåëàòü ýòî, íàäî ðåøèòü óðàâíåíèå (34) ïðè íà÷àëüíûõ óñëî-
âèÿõ u(0, x) = ϕ(x), ãäå ϕ : Rn → R � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ.
Ïîñêîëüêó ìû ñîáèðàåìñÿ èñïîëüçîâàòü ïðåîáðàçîâàíèå Ôóðüå, áóäåì
ïðåäïîëàãàòü, ÷òî è ôóíêöèÿ ϕ, è ôóíêöèÿ u (âçÿòàÿ ïðè ôèêñèðîâàí-
íîì çíà÷åíèè t) ÿâëÿþòñÿ áûñòðî óáûâàþùèìè â Rn.

Ôèêñèðîâàâ t ≥ 0, ââåä�åì â ðàññìîòðåíèå íîâóþ ôóíêöèþ y 7→ v(t, y),
êîòîðàÿ ÿâëÿåòñÿ (ïðÿìûì) ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè u ïî ïå-
ðåìåííîé x:

v(t, y) = û(t, x)(y) = (2π)−n/2

∫

Rn

u(t, x)e−i(x,y) dx.
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Âûÿñíèì, êàêîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ óäîâëåòâîðÿåò ôóíê-
öèÿ v. Äëÿ ýòîãî ïðîäåëàåì ñëåäóþùèå âû÷èñëåíèÿ:

∂v

∂t
= (2π)−n/2 ∂

∂t

∫

Rn

u(t, x)e−i(x,y) dx =

=(äèôôåðåíöèðóåì ïîä çíàêîì èíòåãðàëà, êàê îáû÷íî, îïóñêàÿ îáîñ-
íîâàíèÿ, ïîñêîëüêó ðå÷ü èä�åò î áûñòðî óáûâàþùèõ ôóíêöèÿõ)=

= (2π)−n/2

∫

Rn

∂u

∂t
(t, x)e−i(x,y) dx =

=(èñïîëüçóåì (34))=

= a2(2π)−n/2

∫

Rn

(
∂2u

∂x2
1

+ · · ·+ ∂2u

∂x2
n

)
e−i(x,y) dx = a2

(
∂̂2u

∂x2
1

+ · · ·+ ∂̂2u

∂x2
n

)
=

=(ê êàæäîìó ñëàãàåìîìó ïðèìåíÿåì ñâîéñòâî 3) ïðåîáðàçîâàíèÿ Ôó-
ðüå: F±[Dαf ] = (±iy)αF±[f ])=

= a2
(
(iy1)2û + · · ·+ (iyn)2û

)
= −a2(y2

1 + · · ·+ y2
n)û = −a2|y|2v(t, y).

Òàêèì îáðàçîì, ôóíêöèÿ v óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ

∂v

∂t
= −a2|y|2v, (35)

â êîòîðîì y èãðàåò ðîëü ïàðàìåòðà. Ïðè êàæäîì ôèêñèðîâàííîì y ðå-
øåíèå ýòîãî óðàâíåíèÿ, î÷åâèäíî, èìååò âèä v(t, y)=Ce−a2|y|2t, ãäå C �
íåêîòîðàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò t. Íî äëÿ äðóãîãî çíà÷åíèÿ y
ïîñòîÿííàÿ C ìîæåò ïðèíèìàòü äðóãîå çíà÷åíèå. Ïîýòîìó ìû çàïèøåì
ðåøåíèå óðàâíåíèÿ (35) â âèäå

v(t, y) = C(y)e−a2|y|2t.

Ïîäñòàâèâ ñþäà t = 0 è èñïîëüçîâàâ íà÷àëüíûå óñëîâèÿ u(0, x) = ϕ(x),
ïîëó÷èì

C(y) = v(0, y) = û(0, x)(y) = ϕ̂(x)(y).

Â ðåçóëüòàòå ìû íàøëè íå ñàìî ðåøåíèå u óðàâíåíèÿ (34), óäîâëåòâî-
ðÿþùåå íà÷àëüíûì óñëîâèÿì u(0, x) = ϕ(x), à ïðåîáðàçîâàíèå Ôóðüå îò
íåãî:

v(t, y) = ϕ̂(y)e−a2|y|2t.

×òîáû íàéòè îòñþäà u, åñòåñòâåííî èñïîëüçîâàòü ôîðìóëó îáðàùåíèÿ.
Íàõîæäåíèå æå îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îò ïðîèçâåäåíèÿ äâóõ
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ôóíêöèé íàì îáëåã÷èò ñâîéñòâî 6 ñâ�åðòêè áûñòðî óáûâàþùèõ ôóíêöèé
(F±[f · g] = (2π)−n/2F±[f ] ∗ F±[g]):

u(t, x) = F−[v(t, y)](x) = F−
[
ϕ̂(y)e−a2|y|2t

]
(x) =

= (2π)−n/2F−[ϕ̂] ∗ F−
[
e−a2|y|2t

]
= (2π)−n/2ϕ ∗ F−

[
e−a2|y|2t

]
.

Âòîðîé ñîìíîæèòåëü â ñâ�åðòêå âû÷èñëèì îòäåëüíî:

F−
[
e−a2|y|2t

]
(z) = (2π)−n/2

∫

Rn

e−a2(y2
1+···+y2

n)te+i(y1z1+···+ynzn) dy1 . . . dyn =

=(ïîëüçóÿñü òåì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ áûñòðî óáû-
âàþùåé, ïðåâðàùàåì êðàòíûé èíòåãðàë â ïîâòîðíûé)=

= (2π)−(n−1)/2

∫

Rn−1

e−a2(y2
1+···+y2

n−1)tei(y1z1+···+yn−1zn−1)×

×
[

1√
2π

+∞∫

−∞
e−a2y2

nteiynzn dyn

]
dy1 . . . dyn−1 =

=(ïîñêîëüêó îäíîìåðíûé èíòåãðàë, ñòîÿùèé â êâàäðàòíûõ ñêîáêàõ, íå
çàâèñèò îò ïåðåìåííûõ y1, . . . , yn, òî ìîæåì âûíåñòè åãî êàê ïîñòîÿííóþ
èç-ïîä çíàêà (n− 1)-ìåðíîãî èíòåãðàëà)=

=
[
(2π)−(n−1)/2

∫

Rn−1

e−a2(y2
1+···+y2

n−1)tei(y1z1+···+yn−1zn−1) dy1 . . . dyn−1

]
×

×
[

1√
2π

+∞∫

−∞
e−a2y2

nteiynzn dyn

]
=

=(êàê âèäèì, íàì óäàëîñü ¾îòùåïèòü¿ îäíîìåðíûé èíòåãðàë îò êðàò-
íîãî; ïîâòîðèì ýòîò ïðîöåññ ìíîãîêðàòíî)=

=
(

1√
2π

+∞∫

−∞
e−a2y2

1teiy1z1 dy1

)
. . .

(
1√
2π

+∞∫

−∞
e−a2y2

nteiynzn dyn

)
.

Êàæäûé èç ôèãóðèðóþùèõ â ïîñëåäíåé ôîðìóëå îäíîìåðíûõ èíòå-
ãðàëîâ ïðåäñòàâëÿåò ñîáîé îäíîìåðíîå îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå
îò ôóíêöèè âèäà y 7→ e−by2 , b > 0. Åãî ìû óæå ñ÷èòàëè â � 6 è çíàåì,
÷òî

ê−by2(z) =
∨

e−by2
(z) =

1√
2b

e−z2/4b.
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Èñïîëüçóÿ ýòî ñîîáðàæåíèå, ìû ìîæåì çàêîí÷èòü âû÷èñëåíèå ìíîãî-
ìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóþùèì îáðàçîì:

F−
[
e−a2|y|2t

]
(z) =

(
1√
2a2t

e−
z2
1

4a2t

)
. . .

(
1√
2a2t

e−
z2

n
4a2t

)
=

1
(2a2t)n/2

e−
|z|2
4a2t ,

÷òî ïîçâîëÿåò íàì çàïèñàòü ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè (34)
ñ íà÷àëüíûìè óñëîâèÿìè u(0, x) = ϕ(x) â âèäå

u(t, x) =
1

(4πa2t)n/2

(
ϕ(z) ∗ e−

|z|2
4a2t

)
(x) =

1
(4πa2t)n/2

∫

Rn

ϕ(x− z)e−
|z|2
4a2t dz.

Ïîñëåäíèé èíòåãðàë íàçûâàåòñÿ èíòåãðàëîì Ïóàññîíà äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè.

Èçëîæåííûé â ýòîì ïàðàãðàôå ìåòîä ðåøåíèÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè îñíîâàí íà òîì, ÷òî ïðåîáðàçîâàíèå Ôóðüå çàìåíÿåò îïåðàöèþ
äèôôåðåíöèðîâàíèÿ îïåðàöèåé óìíîæåíèÿ íà íåçàâèñèìóþ ïåðåìåí-
íóþ. Ýòîò ìåòîä ïðèìåíèì è ê äðóãèì äèôôåðåíöèàëüíûì óðàâíåíè-
ÿì. Îí íàçûâàåòñÿ îïåðàòîðíûì ìåòîäîì è åãî ïðîñòåéøèé âàðèàíò
êîðîòêî ìîæåò áûòü èçëîæåí òàê.

Ïóñòü èùåòñÿ ôóíêöèÿ u : R → R, óäîâëåòâîðÿþùàÿ äèôôåðåíöè-
àëüíîìó óðàâíåíèþ

a0
dnu

dxn
+ a1

dn−1u

dxn−1
+ · · ·+ an−1

du

dx
+ anu(x) = f(x)

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè a0, . . . , an è èçâåñòíîé ïðàâîé ÷àñòüþ
f : R → R. Ïóñòü ôóíêöèè u è f òàêîâû, ÷òî äëÿ êàæäîé èç íèõ îïðå-
äåëåíî ïðåîáðàçîâàíèå Ôóðüå è âûïîëíåíî ñâîéñòâî 3 ïðåîáðàçîâàíèÿ
Ôóðüå: F+[dku/dxk](y) = (iy)kF+[u](y) (ìû çíàåì, ÷òî ýòè ïðåäïîëîæå-
íèÿ çàâåäîìî âûïîëíåíû äëÿ áûñòðî óáûâàþùèõ ôóíêöèé, íî ïîëåçíî
èìåòü â âèäó, ÷òî îíè âûïîëíÿþòñÿ è äëÿ íåêîòîðûõ äðóãèõ ôóíêöèé).
Ïðèìåíèâ ê íàøåìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ïðÿìîå ïðåîáðà-
çîâàíèå Ôóðüå, ïîëó÷èì ñëåäóþùåå, ÷òî îñîáåííî âàæíî � àëãåáðàè÷å-
ñêîå, óðàâíåíèå äëÿ û

[
a0(iy)n + a1(iy)n−1 + · · ·+ an−1(iy) + an

]
û(y) = f̂(y).

Ïðèìåíèâ òåïåðü îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ê ðåøåíèþ

û(y) =
f̂(y)

a0(iy)n + a1(iy)n−1 + · · ·+ an−1(iy) + an

ýòîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ, íàéä�åì ðåøåíèå u èñõîäíîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ.
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Çàäà÷è
82. Íàéäèòå ôóíêöèþ u : R2 → R, óäîâëåòâîðÿþùóþ îäíîìåðíîìó

âîëíîâîìó óðàâíåíèþ
∂2u

∂t2
= a2 ∂2u

∂x2

è íà÷àëüíûì óñëîâèÿì

u(0, x) = f(x),
∂u

∂t
(0, x) = g(x).

83. Íàéäèòå ðåøåíèå äâóìåðíîãî óðàâíåíèÿ Ëàïëàñà
∂2f

∂x2
+

∂2f

∂y2
= 0

â ïîëóïëîñêîñòè y ≥ 0, ïîä÷èí�åííîå óñëîâèÿì à) f(x, 0) = g(x) äëÿ
âñåõ x ∈ R; á) ôóíêöèÿ x 7→ f(x, y) ÿâëÿåòñÿ áûñòðî óáûâàþùåé äëÿ
êàæäîãî y ≥ 0; â) f(x, y) → 0 ïðè y → +∞ äëÿ êàæäîãî x ∈ R.

� 14. Íà÷àëüíûå ñâåäåíèÿ î äèñêðåòíîì ïðåîáðàçîâàíèè
Ôóðüå

Ïóñòü f : R→ R � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, êîòîðàÿ ìîæåò áûòü
ïðåäñòàâëåíà ñâîèì ðÿäîì Ôóðüå, ò. å. òàêàÿ, ÷òî äëÿ âñåõ x ∈ R ñïðà-
âåäëèâî ðàâåíñòâî

f(x) =
+∞∑

n=−∞
cneinx, (36)

ãäå

cn =
1
2π

π∫

−π

f(x)e−inx dx.

Êàê èçâåñòíî èç òåìû ¾Ðÿäû Ôóðüå¿, ýòî ðàçëîæåíèå çàâåäîìî èìååò
ìåñòî, åñëè f � íåïðåðûâíàÿ êóñî÷íî-ãëàäêàÿ 2π-ïåðèîäè÷åñêàÿ ôóíê-
öèÿ.

Ïðè ÷èñëåííûõ ðàñ÷�åòàõ f çàäàþò â êîíå÷íîì ìíîæåñòâå òî÷åê èí-
òåðâàëà [−π, π]. Îáû÷íî � íà ðàâíîìåðíîé ñåòêå, ñîñòîÿùåé èç òî÷åê
xk = πk/N , íàçûâàåìûõ óçëàìè ñåòêè. Çäåñü öåëîå ÷èñëî N çàäà�åòñÿ
ïðîèçâîëüíî è ðåãóëèðóåò êîëè÷åñòâî óçëîâ ñåòêè, à öåëîå ÷èñëî k (ñ
ó÷�åòîì òîãî, ÷òî f(−π) = f(π)) ìåíÿåòñÿ îò −N + 1 äî N è íóìåðóåò
óçëû â ñåòêå. Ïðè ýòîì çàäàòü ôóíêöèþ � çíà÷èò çàäàòü å�å çíà÷åíèÿ â
óçëàõ fk = f(xk) = f(πk/N). Ïîýòîìó äëÿ ôóíêöèè, çàäàííîé íà ñåòêå,
èñïîëüçóþò îáîçíà÷åíèå {fk}.
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Îêàçûâàåòñÿ, ÷òî åñëè èíòåðåñîâàòüñÿ çíà÷åíèÿìè èñõîäíîé ôóíê-
öèè f òîëüêî â óçëàõ ñåòêè, òî èõ ìîæíî íàéòè ñ ïîìîùüþ ôîðìóëû,
óäèâèòåëüíî ïîõîæåé íà (36), íî ñóììèðîâàíèå â íåé áóäåò âåñòèñü ëèøü
ïî êîíå÷íîìó ìíîæåñòâó èíäåêñîâ. Äëÿ ýòîãî íóæíî ëèøü ïðåäñòàâèòü
ïðîèçâîëüíîå öåëîå ÷èñëî n â âèäå n = m + 2Nj, ãäå j è m � öåëûå
÷èñëà, ïðè÷�åì −N +1 ≤ m ≤ N , è âîñïîëüçîâàòüñÿ 2πi-ïåðèîäè÷íîñòüþ
ýêñïîíåíòû:

fk = f

(
πk

N

)
=

+∞∑
n=−∞

cnein πk
N =

=
N∑

m=−N+1

+∞∑

j=−∞
cm+2Nje

im πk
N +2πijk =

N∑

m=−N+1

( +∞∑

j=−∞
cm+2Nj

)
eim πk

N

èëè

fk =
N∑

m=−N+1

Ameim πk
N , (37)

ãäå èñïîëüçîâàíî îáîçíà÷åíèå

Am =
+∞∑

j=−∞
cm+2Nj . (38)

Íàáîð ÷èñåë A−N+1, A−N+2, . . . , AN , íàéäåííûõ ïî ôîðìóëå (38), íà-
çûâàåòñÿ ïðÿìûì äèñêðåòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè {fk}.
Åãî òàêæå ìîæíî òðàêòîâàòü êàê ôóíêöèþ {Am}, çàäàííóþ íà òîé æå
ñàìîé ñåòêå xm = πm/N (−N+1 ≤ m ≤ N). Â ÷àñòíîñòè, ìîæíî èñïîëü-
çîâàòü ôîðìóëó (37) äëÿ ïîñòðîåíèÿ ïî ôóíêöèè {Am} íîâîé ôóíêöèè
{fk}, íàçûâàåìîé â ýòîì ñëó÷àå îáðàòíûì äèñêðåòíûì ïðåîáðàçîâàíè-
åì Ôóðüå ôóíêöèè {Am}.

Èç óêàçàííîãî âûøå ðàññóæäåíèÿ, ïðèâåäøåãî íàñ ê ôîðìóëå (37),
ñòàíîâèòñÿ ÿñíîé òàêàÿ å�å èíòåðïðåòàöèÿ: åñëè ê ôóíêöèè ïðèìåíèòü
ñíà÷àëà ïðÿìîå, à ïîòîì îáðàòíîå äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå, òî
ïðèä�åì ê èñõîäíîé ôóíêöèè. Äðóãèìè ñëîâàìè, (37) ÿâëÿåòñÿ ôîðìóëîé
îáðàùåíèÿ äëÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå.

Äëÿ ïðÿìîãî äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå èìååòñÿ áîëåå óäîá-
íàÿ ôîðìóëà, ÷åì (38). ×òîáû ïîëó÷èòü å�å, ôèêñèðóåì öåëîå ÷èñëî l
(−N + 1 ≤ l ≤ N), óìíîæèì êàæäóþ èç ôîðìóë (37) íà e−ilkπ/N è
ïðîñóììèðóåì âñå ïîëó÷åííûå ðàâåíñòâà ïî ïàðàìåòðó k îò −N + 1 äî
N :

N∑

k=−N+1

fke−il kπ
N =

N∑

m=−N+1

Am

[ N∑

k=−N+1

eim kπ
N e−il kπ

N

]
. (39)
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Â êâàäðàòíûõ ñêîáêàõ çäåñü ñòîèò ñóììà êîíå÷íîé ãåîìåòðè÷åñêîé ïðî-
ãðåññèè ñî çíàìåíàòåëåì q = ei(m−l)π/N . Èñïîëüçóåì èçâåñòíóþ èç ñðåä-
íåé øêîëû ôîðìóëó äëÿ å�å ñóììû:

b + bq + · · ·+ bqM = b
1− qM+1

1− q
,

ñïðàâåäëèâóþ ïðè q 6= 1; çäåñü M+1 � êîëè÷åñòâî ñóììèðóåìûõ ÷ëåíîâ
ïðîãðåññèè.

Â ôîðìóëå (39) ìû ñóììèðóåì 2N ÷ëåíîâ ïðîãðåññèè, çíàìåíàòåëü
êîòîðîé îòëè÷åí îò 1 ïðè m 6= l. Çíà÷èò, ïðè m 6= l, ñóììà, ñòîÿùàÿ â
(39) â êâàäðàòíûõ ñêîáêàõ, ðàâíà ïðîèçâåäåíèþ 1− qM+1 íà b/(1− q).
Íî

1− qM+1 = 1− ei(m−l) 2πN
N = 1− ei(m−l)2π = 0

ââèäó 2πi-ïåðèîäè÷íîñòè ýêñïîíåíòû. Ïîýòîìó â ñóììå ïî m, ñòîÿùåé â
ïðàâîé ÷àñòè (39), âñå ñëàãàåìûå ðàâíû íóëþ, êðîìå, áûòü ìîæåò, òîãî
åäèíñòâåííîãî, äëÿ êîòîðîãî m = l. Íî â ýòîì ñëó÷àå â êâàäðàòíûõ
ñêîáêàõ ìû ñóììèðóåì 2N îäèíàêîâûõ ñëàãàåìûõ, êàæäîå èç êîòîðûõ
ðàâíî 1.

Îêîí÷àòåëüíî ìû ïîëó÷àåì èç âûðàæåíèÿ (39)

Al =
1

2N

N∑

k=−N+1

fke−il kπ
N , l = −N + 1, . . . , N. (40)

Ýòî è åñòü èñêîìûå ôîðìóëû ïðÿìîãî äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôó-
ðüå, àíàëîãè÷íûå ôîðìóëàì (37).

Â êà÷åñòâå õàðàêòåðíîãî ïðèìåðà èñïîëüçîâàíèÿ äèñêðåòíîãî ïðåîá-
ðàçîâàíèÿ Ôóðüå îáñóäèì åãî ïðèìåíåíèå äëÿ ñæàòèÿ öèôðîâûõ èçîá-
ðàæåíèé. Äëÿ îïðåäåë�åííîñòè áóäåì âåñòè ðå÷ü î ôîòîãðàôèè, äåìîí-
ñòðèðóåìîé íà ìîíèòîðå ñ ðàçðåøåíèåì 1200× 1024 ïèêñåëåé. Â òàêîì
ñëó÷àå îáðàç ýêðàíà òðàêòóþò êàê íàáîð èç 1024 âåêòîðîâ, êàæäûé
èç êîòîðûõ èìååò 1200 êîìïîíåíò, ïðè÷�åì êàæäàÿ êîìïîíåíòà åñòü öå-
ëîå ÷èñëî, êîäèðóþùåå íîìåð öâåòà, êîòîðûì îêðàøåí äàííûé ïèê-
ñåëü. Ñîõðàíèòü èëè ïåðåäàòü ôîòîãðàôèþ � çíà÷èò ñîõðàíèòü èëè
ïåðåäàòü ýòîò íàáîð èç 1024 öåëî÷èñëåííûõ âåêòîðîâ. Îñíîâíàÿ èäåÿ
óìåíüøåíèÿ êîëè÷åñòâà èíôîðìàöèè î÷åíü ïðîñòà: äàâàéòå âû÷åðêíåì
èç êàæäîãî èç âåêòîðîâ âñå êîìïîíåíòû ñ íå÷�åòíûìè íîìåðàìè è â
òàêîì âèäå ñîõðàíèì èëè ïåðåäàäèì èíôîðìàöèþ. Äîñòèãíóòûé êîýô-
ôèöèåíò ñæàòèÿ ðàâåí ïðèìåðíî 2. ×òîáû âîññòàíîâèòü ôîòîãðàôèþ,
¾ðàçäóåì¿ ñæàòóþ èíôîðìàöèþ, äîáàâèâ ìåæäó êàæäûìè ñîñåäíèìè
êîìïîíåíòàìè êàæäîãî âåêòîðà íîâóþ êîìïîíåíòó, ÷èñëåííî ðàâíóþ,
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ñêàæåì, ïîëóñóììå å�å ñîñåäåé. ßñíî, ÷òî â ðåçóëüòàòå òàêèõ ìàíèïó-
ëÿöèé ìû ïîëó÷èì íå â òî÷íîñòè èñõîäíóþ ôîòîãðàôèþ, à íåñêîëüêî
èñêàæ�åííóþ.

Òåïåðü ñëåãêà óñëîæíèì ïðîöåññ ñæàòèÿ: ñíà÷àëà ê êàæäîìó 1200-
ìåðíîìó âåêòîðó ïðèìåíèì ïðÿìîå äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå,
à çàòåì ðåçóëüòàò ¾ñîæì�åì¿, âû÷åðêíóâ, êàê è ðàíüøå, íå÷�åòíûå êîì-
ïîíåíòû. Ïðè ýòîì ïðîöåññ âîññòàíîâëåíèÿ, åñòåñòâåííî, âûãëÿäèò òàê:
ñíà÷àëà ¾ðàçäóåì¿ ñæàòóþ èíôîðìàöèþ, âñòàâèâ äîïîëíèòåëüíûå êîì-
ïîíåíòû, à çàòåì ñäåëàåì îáðàòíîå äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå.

Êàê ìû çíàåì, ïðåîáðàçîâàíèå Ôóðüå äèñêðåòíîé ôóíêöèè èìååò
ñòîëüêî æå êîìïîíåíò, ñêîëüêî èñõîäíàÿ äèñêðåòíàÿ ôóíêöèÿ è, íà ïåð-
âûé âçãëÿä, ïðåäëîæåííîå óñëîæíåíèå íèêàêîãî âûèãðûøà íàì íå äà�åò.
Îäíàêî ýêñïåðèìåíòàëüíî óñòàíîâëåíî, ÷òî îáñóæäàåìûé óñëîæí�åííûé
ïðîöåññ ñæàòèÿ ïðèâîäèò ê ìåíüøèì èñêàæåíèÿì èçîáðàæåíèÿ! Çäåñü
ìû íå ñòàíåì àíàëèçèðîâàòü ìàòåìàòè÷åñêóþ ñóòü ýòîãî ôàêòà, îãðà-
íè÷èâøèñü ëèøü òàêèì ñîîáðàæåíèåì: ñîãëàñíî ôîðìóëå (37), ïîãðåø-
íîñòè, âîçíèêøèå â êîýôôèöèåíòàõ Ôóðüå Am, ¾ðàñïðåäåëÿþòñÿ¿ ïî
âñåì fk è íå òàê ñèëüíî ¾áðîñàþòñÿ â ãëàçà¿.

Îòìåòèì, ÷òî èìåííî îïèñàííàÿ âûøå èäåÿ èñïîëüçîâàíèÿ ïðåîá-
ðàçîâàíèÿ Ôóðüå äëÿ ñæàòèÿ èçîáðàæåíèÿ ëåæèò â îñíîâå àëãîðèò-
ìîâ ñæàòèÿ JPEG, ïðåäëîæåííûõ the Joint Photographic Experts Group
(http://www.jpeg.org/public). Íóæíî òîëüêî èìåòü â âèäó, ÷òî ê íàñòîÿ-
ùåìó âðåìåíè èçâåñòíà öåëàÿ ñåðèÿ àëãîðèòìîâ, íåêîòîðûå èç êîòîðûõ
èñïîëüçóþò äèñêðåòíûé àíàëîã ïðåîáðàçîâàíèÿ Ôóðüå â êîìïëåêñíîé
ôîðìå (êàê ýòî ñäåëàíî ó íàñ), íåêîòîðûå � äèñêðåòíûå àíàëîãè ñèíóñ-
èëè êîñèíóñ-ïðåîáðàçîâàíèé Ôóðüå, à íåêîòîðûå � äèñêðåòíûé àíàëîã
äâóìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå. Ïîäðîáíåå îá ýòîì ìîæíî ïðî÷è-
òàòü, íàïðèìåð, â ñòàòüå G. Strang �The discrete cosine transform�, îïóá-
ëèêîâàííîé â æóðíàëå SIAM Reviews 41, no. 1 (1999) 135�147.

Âî âñÿêîì ñëó÷àå, òåïåðü âû çíàåòå, ÷òî, êîãäà âû ñîõðàíÿåòå ôàéë
â ôîðìàòå jpg, âàø êîìïüþòåð äåëàåò ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå,
à êîãäà âû îòêðûâàåòå ôàéë *.jpg, îí äåëàåò îáðàòíîå ïðåîáðàçîâàíèå
Ôóðüå. Ïðè ýòîì âàæíåéøèì ñòàíîâèòñÿ âîïðîñ î êîëè÷åñòâå îïåðàöèé,
íåîáõîäèìûõ äëÿ íàõîæäåíèÿ ïðÿìîãî èëè îáðàòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå. Íå óãëóáëÿÿñü â äåòàëè, îòìåòèì, ÷òî îïåðàöèè ïåðåìíîæåíèÿ
èëè ñëîæåíèÿ äâóõ ÷èñåë ñ ïëàâàþùåé çàïÿòîé çàíèìàþò ó ïðîöåññîðà
çíà÷èòåëüíî áîëüøå âðåìåíè, ÷åì âûçîâ ÷èñëà èç îïåðàòèâíîé ïàìÿòè
èëè âû÷èñëåíèå ýêñïîíåíòû îò ÷èñëà ñ ïëàâàþùåé çàïÿòîé. Ïîýòîìó
áóäåì áðàòü â ðàñ÷�åò òîëüêî àðèôìåòè÷åñêèå îïåðàöèè íàä ÷èñëàìè ñ
ïëàâàþùåé çàïÿòîé. Íàïðèìåð, ñîãëàñíî ôîðìóëå (37), äëÿ íàõîæäåíèÿ
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îäíîãî êîýôôèöèåíòà fk îáðàòíîãî äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå
íàì íåîáõîäèìî ñëîæèòü 2N ÷èñåë ñ ïëàâàþùåé çàïÿòîé, êàæäîå èç
êîòîðûõ ÿâëÿåòñÿ ïðîèçâåäåíèåì äâóõ ÷èñåë ñ ïëàâàþùåé çàïÿòîé. Òî
åñòü äëÿ íàõîæäåíèÿ îäíîãî fk íàì íåîáõîäèìî âûïîëíèòü 2N óìíîæå-
íèé è 2N − 1 ñëîæåíèé; âñåãî 4N − 1 àðèôìåòè÷åñêèõ îïåðàöèé. Äëÿ
íàõîæäåíèÿ âñåõ êîìïîíåíò {fk} îáðàòíîãî äèñêðåòíîãî ïðåîáðàçîâà-
íèÿ Ôóðüå ïîòðåáóåòñÿ 2N(4N − 1) àðèôìåòè÷åñêèõ îïåðàöèé. ×òîáû
óïðîñòèòü èçëîæåíèå è íå ñëåäèòü çà êîíêðåòíûìè ïîñòîÿííûìè, ìû
áóäåì ãîâîðèòü, ÷òî äëÿ ýòîãî ïîòðåáóåòñÿ O(N2) îïåðàöèé, ïîäðàçó-
ìåâàÿ ïðè ýòîì, â ñîîòâåòñòâèè ñ îáùåé èäåîëîãèåé ìàòåìàòè÷åñêîãî
àíàëèçà, ÷òî íàéä�åòñÿ íåêîòîðàÿ ïîñòîÿííàÿ C òàêàÿ, ÷òî íåîáõîäèìîå
íàì êîëè÷åñòâî îïåðàöèé íå ïðåâîñõîäèò C ·N2.

Åñòåñòâåííî âîçíèêàåò âîïðîñ î òîì, ìîæíî ëè è íàñêîëüêî óìåíü-
øèòü ÷èñëî îïåðàöèé, íåîáõîäèìûõ äëÿ íàõîæäåíèÿ äèñêðåòíîãî ïðå-
îáðàçîâàíèÿ Ôóðüå, çà ñ÷�åò ðàöèîíàëüíîé îðãàíèçàöèè âû÷èñëåíèé? Îá
ýòîì ðå÷ü ïîéä�åò â ñëåäóþùåì ïàðàãðàôå.

� 15. Ïåðâûå ñâåäåíèÿ î áûñòðîì ïðåîáðàçîâàíèè Ôóðüå
Áûñòðîå ïðåîáðàçîâàíèå Ôóðüå åñòü ñïîñîá îðãàíèçàöèè âû÷èñëåíèé,

ïðèìåíÿåìûé äëÿ íàõîæäåíèÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå. Åãî
èäåÿ ñîñòîèò â òîì, ÷òîáû, íàïðèìåð, â ôîðìóëàõ (40) âûäåëèòü ãðóïïû
ñëàãàåìûõ, êîòîðûå âõîäÿò â âûðàæåíèÿ äëÿ ðàçëè÷íûõ êîýôôèöèåí-
òîâ Al. Ýêîíîìèÿ âû÷èñëåíèé äîñòèãàåòñÿ çà ñ÷�åò òîãî, ÷òî êàæäàÿ
ãðóïïà âû÷èñëÿåòñÿ òîëüêî îäèí ðàç.

Äëÿ îïðåäåë�åííîñòè ïðåäïîëîæèì, ÷òî ìû ñîáèðàåìñÿ íàéòè ïðÿìîå
äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå ïî ôîðìóëàì (40), òî åñòü äëÿ äàííîé
äèñêðåòíîé ôóíêöèè {fk} ìû ñîáèðàåìñÿ íàéòè ÷èñëà

An =
1

2N

N∑

k=−N+1

fke−in kπ
N , −N + 1 ≤ n ≤ N. (41)

Äîïóñòèì, ÷òî ÷èñëî N ÿâëÿåòñÿ ñîñòàâíûì è ïðåäñòàâëåíî â âèäå
N = p1 · p2. Ïðèìåíÿÿ àëãîðèòì äåëåíèÿ ñ îñòàòêîì, çàïèøåì ïðîèç-
âîëüíîå öåëîå ÷èñëî n, ëåæàùåå ìåæäó −N+1 è N , â âèäå n = n1+p1n2,
ãäå îñòàòîê n1 ëåæèò â ïðåäåëàõ îò −p1 äî p1, à ÷àñòíîå n2 � â ïðåäåëàõ
îò −p2 äî p2:

−p1 < n1 < p1, −p2 < n2 < p2. (42)
Ïðè ýòîì ìû ïîëó÷àåì íîâóþ âîçìîæíîñòü çàäàâàòü ÷èñëî n èç èíòåð-
âàëà îò −N +1 äî N : äëÿ ýòîãî äîñòàòî÷íî çàäàòü ÷èñëà n1 è n2, óäîâëå-
òâîðÿþùèå íåðàâåíñòâàì (42). Ïîëüçóÿñü ýòèì ñîîáðàæåíèåì, ââåä�åì
îáîçíà÷åíèå An = A(n1, n2).
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Îáðàòèòå âíèìàíèå, ÷òî, íàïèñàâ íåðàâåíñòâà (42), ìû èçëèøíå îãðà-
íè÷èëè ñåáÿ â âûáîðå âîçìîæíûõ ÷àñòíîãî è îñòàòêà, ñäåëàâ, íàïðèìåð,
íåâîçìîæíûì ïðåäñòàâëåíèå ÷èñëà n = N = p1p2 â âèäå n = n1 + p1n2.
Íî ìû ñîçíàòåëüíî íå óãëóáëÿåìñÿ â îáñóæäåíèå ïîäîáíîãî ðîäà ¾ãðà-
íè÷íûõ ýôôåêòîâ¿, ÷òîáû íå çàãðîìîæäàòü èçëîæåíèå.

Ïîäîáíûì æå îáðàçîì âñÿêîå öåëîå ÷èñëî k, ëåæàùåå ìåæäó −N +1
è N , ïðåäñòàâèì â âèäå k = k2+p2k1, ãäå −p1 < k1 < p1 è −p2 < k2 < p2.

Òåïåðü ìû ìîæåì ïî-íîâîìó îðãàíèçîâàòü ñóììèðîâàíèå â (41):

An = A(n1, n2) =
1

2N

N∑

k=−N+1

fke−in kπ
N =

=
1

2N

p1−1∑

k1=−p1+1

p2−1∑

k2=−p2+1

fk2+p2k1e
−i(n1+p1n2)(k2+p2k1)

π
p1p2 . (43)

Ïðåîáðàçóåì ïîêàçàòåëü ýêñïîíåíòû:

−i(n1 + p1n2)(k2 + p2k1)
π

p1p2
= −iπ

nk2

N
− iπ

n1k1

p1
− iπn2k1.

Ïîñêîëüêó ÷èñëî n2k1 � öåëîå, òî ýêñïîíåíòà â ñòåïåíè −iπn2k1 ðàâ-
íà ïëþñ èëè ìèíóñ åäèíèöå. Ïîýòîìó, ïåðåãðóïïèðîâàâ ñëàãàåìûå, ìû
ìîæåì ïðîäîëæèòü ðàâåíñòâî (43) ñëåäóþùèì îáðàçîì

An = A(n1, n2) =
1

2N

p2−1∑

k2=−p2+1

A(1)(n1, k2)e−iπ
nk2
N , (44)

ãäå

A(1)(n1, k2) =
p1−1∑

k1=−p1+1

(±fk2+p2k1

)
e−iπ

n1k1
p1 .

Âû÷èñëåíèå îäíîãî âûðàæåíèÿ A(1)(n1, k2) òðåáóåò îò íàñ O(p1) àðèô-
ìåòè÷åñêèõ îïåðàöèé ñ ÷èñëàìè ñ ïëàâàþùåé çàïÿòîé. Ïîñêîëüêó ñàìèõ
ýòèõ âûðàæåíèé 2p1 · 2p2 øòóê, òî äëÿ âû÷èñëåíèÿ èõ âñåõ ïîòðåáóåòñÿ
O(p2

1p2) îïåðàöèé. Ïîñëå òîãî êàê âñå âûðàæåíèÿ A(1)(n1, k2) íàéäåíû,
äëÿ âû÷èñëåíèÿ îäíîãî âûðàæåíèÿ A(n1, n2) òðåáóåòñÿ O(p2) îïåðàöèé.
Ñàìèõ æå âûðàæåíèé A(n1, n2) èìååòñÿ 2p1 · 2p2 øòóê. Çíà÷èò, äëÿ íà-
õîæäåíèÿ èõ âñåõ ïîòðåáóåòñÿ O(p1p

2
2) îïåðàöèé.

Îêîí÷àòåëüíî ïîëó÷àåì, ÷òî äëÿ íàõîæäåíèÿ ïðÿìîãî äèñêðåòíîãî
ïðåîáðàçîâàíèÿ Ôóðüå ïî ôîðìóëàì (44) òðåáóåòñÿ O(p2

1p2) + O(p1p
2
2)

îïåðàöèé. Â ÷àñòíîñòè, åñëè ñîìíîæèòåëè p1 è p2 ïðèáëèçèòåëüíî ðàâ-
íû ìåæäó ñîáîé (à çíà÷èò, ïðèáëèçèòåëüíî ðàâíû

√
N), òî îáùåå ÷èñëî

îïåðàöèé ñîñòàâèò O(N3/2).
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Âîò ìû è ïðîñëåäèëè, êàê çà ñ÷�åò ðàöèîíàëüíîé îðãàíèçàöèè âû-
÷èñëåíèé óìåíüøèòü êîëè÷åñòâî îïåðàöèé ñ O(N2) â ôîðìóëàõ (41) äî
O(N3/2) â ôîðìóëàõ (44). Âìåñòå ñ òåì ëåãêî ïîíÿòü, ÷òî ôîðìóëû (44)
íå ÿâëÿþòñÿ ïðåäåëüíî ýêîíîìè÷íûìè: ïðè âû÷èñëåíèè êîýôôèöèåí-
òîâ A(1)(n1, k2), â ñâîþ î÷åðåäü, ìîæíî âûäåëÿòü íåêîòîðûå âûðàæåíèÿ
A(2) ïîäîáíî îïèñàííîìó âûøå âûäåëåíèþ âûðàæåíèé A(1)(n1, k2) èç
A(n1, n2); èç A(2) ìîæíî ïîäîáíûì îáðàçîì âûäåëÿòü âûðàæåíèÿ A(3)

è ò. ä. Óñëîæí�åííûå òàêèì îáðàçîì âû÷èñëèòåëüíûå ôîðìóëû ïîçâîëÿ-
þò äîâåñòè ÷èñëî îïåðàöèé íåîáõîäèìûõ äëÿ âû÷èñëåíèÿ äèñêðåòíîãî
ïðåîáðàçîâàíèÿ Ôóðüå äî O(N log2 N). Â ýòîì è ñîñòîèò áûñòðîå ïðå-
îáðàçîâàíèå Ôóðüå.

Áîëåå äåòàëüíîå èçëîæåíèå áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå ÷èòà-
òåëü ìîæåò íàéòè â êíèãå Í. Ñ. Áàõâàëîâà, Í. Ï. Æèäêîâà è Ã. Ì. Êî-
áåëüêîâà ¾×èñëåííûå ìåòîäû¿. Î äðóãèõ áûñòðûõ àëãîðèòìàõ (íàïðè-
ìåð, îá àëãîðèòìàõ áûñòðîãî óìíîæåíèÿ ÷èñåë) ìîæíî ïðî÷èòàòü âî
âòîðîì òîìå êíèãè Ä. Êíóòòà ¾Èñêóññòâî ïðîãðàììèðîâàíèÿ äëÿ ÝÂÌ¿.

Âåðí�åìñÿ ê ïðèìåðó ñæàòèÿ öèôðîâîé ôîòîãðàôèè, èçîáðàæ�åííîé
íà ìîíèòîðå ñ ðàçðåøåíèåì 1200×1024 ïèêñåëåé. Â ýòîì ñëó÷àå êàæäàÿ
èç 1024 ñòðîê èìååò äëèíó N = 1200, è íàõîæäåíèå ïðåîáðàçîâàíèÿ Ôó-
ðüå îò íå�å ïî ôîðìóëàì (40) òðåáóåò C ·12002 îïåðàöèé, à ïî ôîðìóëàì
áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå � òîëüêî C · 1200 · log2 1200 îïåðàöèé,
÷òî ïðèìåðíî â 120 ðàç ìåíüøå. È ýòî ïðè êàæäîì îòêðûòèè èëè ñîõðà-
íåíèè *.jpg ôàéëà! Íå óäèâèòåëüíî, ÷òî ïðîèçâîäèòåëè ïðîãðàììíîãî
îáåñïå÷åíèÿ ñ ãîòîâíîñòüþ èäóò íà óñëîæíåíèå âû÷èñëèòåëüíûõ àëãî-
ðèòìîâ, îáåñïå÷èâàþùèõ òàêîé ðîñò ñêîðîñòè îáðàáîòêè èíôîðìàöèè.
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Îòâåòû è óêàçàíèÿ
7. à) f(x) = 2π−1

∫ +∞
0

(1 + cos πy)(1 − y2)−1 cosxy dy; á) f(x) = 2π−1

∫ +∞
0

sin πy(1 − y2)−1 sin xy dy. 8. à) f(x) = 2π−1
∫ +∞
0

y−1 sin y cosxy dy;
á) f(x) = 2π−1

∫ +∞
0

y−1(1− cos y) sin xy dy. 9. à) f(x) = 2π−1
∫ +∞
0

y−2(y
sin y+cos y−1) cos xy dy; á) f(x) = 2π−2

∫ +∞
0

y−2(sin y−y cos y) sin xy dy.

10. à) f(x) = −2π−1
∫ +∞
0

y−2(y sin(2y/3) + 3(cos(2y/3) − 1)) cos xy dy;
á) f(x) = 2π−2

∫ +∞
0

(2y − 3 sin(2y/3)) sin xy dy. 11. f(y) = e−y, y ≥ 0.
12. f(y) = e−y, y ≥ 0. 13. f(y) = (2/π)

∫ +∞
0

(1+x2)−1 sin xy dx; ýòîò èíòå-
ãðàë íå áåð�åòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, íî åãî ìîæíî ïðåîáðàçîâàòü
ê âèäó f(y) = [e−yEi (y) − eyEi (−y)]/π, ãäå Ei (y) = − ∫ +∞

−y
e−x/x dx.

14.Íåò ðåøåíèé. 15. f(y) = 2π−1y(1+y2)−1, y ≥ 0. 16. f(y) = (sin πy)(1−
y2)−1. 17. f(y) = (y sin πy)(1− y2)−1. 18. f(y) = 2−1π−1/2ye−y2/4, y ≥ 0.
19. 2π−1y−1 sin ay. 20. π−1(1−y)−1 sin a(1−y)+π−1(1+y)−1 sin a(1+y).
21. (2π)−1/2e−y2/4. 22. 21/2π−1/2 cos(y2/2−π/4). 23. 21/2π−1/2 cos(π/4−
y2/2). 24. 2π−1y−1(1−cos ay). 25. 2π−1ye−y2/2. 26. π−1ln |(1+y)/(1−y)|.
Óêàçàíèå.Èñïîëüçóéòå èíòåãðàëû Ôðóëëàíè

∫ +∞
0

x−1[f(ax)−f(bx)] dx =
f(0)ln (b/a), ãäå ïðåäïîëàãàåòñÿ, ÷òî a > 0, b > 0, ôóíêöèÿ f íåïðåðûâ-
íà ïðè x ≥ 0 è èíòåãðàë

∫ +∞
A

x−1f(x) dx ñõîäèòñÿ õîòÿ áû äëÿ îäíîãî
A. 30. F−[eiaxf(x)](y) = F−[f ](y +a). 31. F−[f(x−a)](y) = eiaxF−[f ](y).
32. Ôîðìóëà íå èçìåíÿåòñÿ. 33. F−[f(x) sin ax](y) = [

∨
f (y + a)−

∨
f

(y − a)]/(2i). 36. f̂(y) =
∨
f (y) = 21/2π−1/2y−1 sin y. 37. f̂(y) = −

∨
f (y) =

i21/2π−1/2y−2(y cos y − sin y). 38. f̂(y) =
∨
f (y) = 21/2π−1/2y−2(cos y −

1 + y sin y). 39. f̂(y) =
∨
f (y) = 21/2π−1/2y−3(2y cos y + (y2 − 2) sin y).

40. f̂(y)=
∨
f (y)=e−(y2+a2)/2ch ay. 41. f̂(y)=−

∨
f (y)=−ie−(y2+a2)/2sh ay.

42. f̂(y) =
∨
f (−y) = e−(y+a)2/2. 43. f̂(y) = −

∨
f (y) = −i81/2π−1/2ay(y2 +

a2)−2. 44. f̂(y) =
∨
f (y) = 81/2π−1/2y2(y2 + 1)−2. 45. f̂(y) = −

∨
f (y) =

i81/2π−1/2y(1−3y2)(y2+1)−3. 46. f̂(y) =
∨
f (−y) = 21/2π−1/2(1−y)−1 sin πy.

47. f̂(y) =
∨
f (y) = 21/2π−1/2y(1 − y2)−1 sin πy. 48. f̂(y) = −

∨
f (y) =

−i21/2π−1/2(1 − y2)−1 sin πy. 49. f̂(y) =
∨
f (−y) = i(2π)−1/2(1 − y)−1(1 +

e−iπy). 50. f̂(y) =
∨
f (y) = 21/2π−1/2y−1(sin 2y − sin y). 51. f̂(y) =

∨
f (y) =

2−1/2π1/2e−|y|. 52. f̂(y) = −
∨
f (y) = −i2−1/2π1/2y3e−|y|. 65. xH(x).

66. (x+1)H(x+1). 67. (2−|x|)H(2−|x|). 68. x3H(x)/3. 69. (1−cos x)H(x).
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70. (x2−4 sin2(x/2))H(x). 71. (3x2+6 cos x−6)H(x). 72. (sh x−sin x)H(x)/2.
73. (1 + |x|)e−|x|. 74. −4−1a−1/2xe−ax2/2. 81. πa−1(ea/2 + e−a/2)(ea/2 −
e−a/2)−1 = πa−1cth a/2. 82. u(t, x) = [f(x−at)+f(x+at)]/2+2−1

∫ t

0
[g(x−

az) + g(x + az)] dz. 83. f(x, y) = π−1
∫ +∞
−∞ y[(x− z)2 + y2]−1g(z) dz. Óêà-

çàíèå. Óáåäèòåñü, ÷òî ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå f̂(z, y) ôóíêöèè f
ïî ïåðåìåííîé x èìååò âèä ĝ(z)e−y|z|.
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Îòâåòû è óêàçàíèÿ
7. à) f(x) = 2π−1

∫ +∞
0

(1 + cos πy)(1 − y2)−1 cosxy dy; á) f(x) = 2π−1

∫ +∞
0

sin πy(1 − y2)−1 sin xy dy. 8. à) f(x) = 2π−1
∫ +∞
0

y−1 sin y cosxy dy;
á) f(x) = 2π−1

∫ +∞
0

y−1(1− cos y) sin xy dy. 9. à) f(x) = 2π−1
∫ +∞
0

y−2(y
sin y+cos y−1) cos xy dy; á) f(x) = 2π−2

∫ +∞
0

y−2(sin y−y cos y) sin xy dy.

10. à) f(x) = −2π−1
∫ +∞
0

y−2(y sin(2y/3) + 3(cos(2y/3) − 1)) cos xy dy;
á) f(x) = 2π−2

∫ +∞
0

(2y − 3 sin(2y/3)) sin xy dy. 11. f(y) = e−y, y ≥ 0.
12. f(y) = e−y, y ≥ 0. 13. f(y) = (2/π)

∫ +∞
0

(1+x2)−1 sin xy dx; ýòîò èíòå-
ãðàë íå áåð�åòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, íî åãî ìîæíî ïðåîáðàçîâàòü
ê âèäó f(y) = [e−yEi (y) − eyEi (−y)]/π, ãäå Ei (y) = − ∫ +∞

−y
e−x/x dx.

14.Íåò ðåøåíèé. 15. f(y) = 2π−1y(1+y2)−1, y ≥ 0. 16. f(y) = (sin πy)(1−
y2)−1. 17. f(y) = (y sin πy)(1− y2)−1. 18. f(y) = 2−1π−1/2ye−y2/4, y ≥ 0.
19. 2π−1y−1 sin ay. 20. π−1(1−y)−1 sin a(1−y)+π−1(1+y)−1 sin a(1+y).
21. (2π)−1/2e−y2/4. 22. 21/2π−1/2 cos(y2/2−π/4). 23. 21/2π−1/2 cos(π/4−
y2/2). 24. 2π−1y−1(1−cos ay). 25. 2π−1ye−y2/2. 26. π−1ln |(1+y)/(1−y)|.
Óêàçàíèå.Èñïîëüçóéòå èíòåãðàëû Ôðóëëàíè

∫ +∞
0

x−1[f(ax)−f(bx)] dx =
f(0)ln (b/a), ãäå ïðåäïîëàãàåòñÿ, ÷òî a > 0, b > 0, ôóíêöèÿ f íåïðåðûâ-
íà ïðè x ≥ 0 è èíòåãðàë

∫ +∞
A

x−1f(x) dx ñõîäèòñÿ õîòÿ áû äëÿ îäíîãî
A. 30. F−[eiaxf(x)](y) = F−[f ](y +a). 31. F−[f(x−a)](y) = eiaxF−[f ](y).
32. Ôîðìóëà íå èçìåíÿåòñÿ. 33. F−[f(x) sin ax](y) = [

∨
f (y + a)−

∨
f

(y − a)]/(2i). 36. f̂(y) =
∨
f (y) = 21/2π−1/2y−1 sin y. 37. f̂(y) = −

∨
f (y) =

i21/2π−1/2y−2(y cos y − sin y). 38. f̂(y) =
∨
f (y) = 21/2π−1/2y−2(cos y −

1 + y sin y). 39. f̂(y) =
∨
f (y) = 21/2π−1/2y−3(2y cos y + (y2 − 2) sin y).

40. f̂(y)=
∨
f (y)=e−(y2+a2)/2ch ay. 41. f̂(y)=−

∨
f (y)=−ie−(y2+a2)/2sh ay.

42. f̂(y) =
∨
f (−y) = e−(y+a)2/2. 43. f̂(y) = −

∨
f (y) = −i81/2π−1/2ay(y2 +

a2)−2. 44. f̂(y) =
∨
f (y) = 81/2π−1/2y2(y2 + 1)−2. 45. f̂(y) = −

∨
f (y) =

i81/2π−1/2y(1−3y2)(y2+1)−3. 46. f̂(y) =
∨
f (−y) = 21/2π−1/2(1−y)−1 sin πy.

47. f̂(y) =
∨
f (y) = 21/2π−1/2y(1 − y2)−1 sin πy. 48. f̂(y) = −

∨
f (y) =

−i21/2π−1/2(1 − y2)−1 sin πy. 49. f̂(y) =
∨
f (−y) = i(2π)−1/2(1 − y)−1(1 +

e−iπy). 50. f̂(y) =
∨
f (y) = 21/2π−1/2y−1(sin 2y − sin y). 51. f̂(y) =

∨
f (y) =

2−1/2π1/2e−|y|. 52. f̂(y) = −
∨
f (y) = −i2−1/2π1/2y3e−|y|. 65. xH(x).

66. (x+1)H(x+1). 67. (2−|x|)H(2−|x|). 68. x3H(x)/3. 69. (1−cos x)H(x).
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70. (x2−4 sin2(x/2))H(x). 71. (3x2+6 cos x−6)H(x). 72. (sh x−sin x)H(x)/2.
73. (1 + |x|)e−|x|. 74. −4−1a−1/2xe−ax2/2. 81. πa−1(ea/2 + e−a/2)(ea/2 −
e−a/2)−1 = πa−1cth a/2. 82. u(t, x) = [f(x−at)+f(x+at)]/2+2−1

∫ t

0
[g(x−

az) + g(x + az)] dz. 83. f(x, y) = π−1
∫ +∞
−∞ y[(x− z)2 + y2]−1g(z) dz. Óêà-

çàíèå. Óáåäèòåñü, ÷òî ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå f̂(z, y) ôóíêöèè f
ïî ïåðåìåííîé x èìååò âèä ĝ(z)e−y|z|.
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